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Introduction

From the 1950’s until his death in 1984, A. P. Morse made great strides in developing a usable formal
language for mathematics. His aim was to have a completely formal language that was easy to use, often
intuitive, and in agreement with normal informal practice whenever possible. His book, A Theory of Sets
(Academic Press, 1965; 2nd ed. 1986), provides the most complete exposure of his ideas in publication. The
book is sparse and, in accordance with its title, deals with set theory and its foundations only. In the book
there are hints that the language is intended for use in higher mathematics, but without seeing how such a
program might be carried out, it is difficult to appreciate the possibilities.

This publication demonstrates how Morse used his formal language in two courses that he taught at the
University of California at Berkeley:

Measure and Integration

Seminar Integration.
We will refer to these courses as MI and SI, respectively. Both courses deal with the theory of integration and
have a fair amount of material in common, but they show significantly different aspects of the subject. MI
covers the real numbers, unordered real summation, measure theory, and real integration. SI, on the other
hand, begins with the complex plane and develops unordered complex summation and complex integration,
with very little mention of measures.

The purpose of this introduction is to provide additional explanation to assist the reader in understanding
some of the notations and concepts and to provide insight into some of the results.

The Importance of Morse’s Work

The idea that mathematics is governed by strict rules regarding both symtax and proof is the basis
for the systems developed by Frege, Peano, Russell and Whitehead, Quine, Morse and others. Such rules
have usually resulted in expressions that are difficult to code and read and proofs that are tedious and
impractically time-consuming. In his book, Morse gives one complete proof in logic and says “We shall
never again be so detailed in our proofs.” However, while Morse did not see a way clear to making formal
proofs practical, he did believe that formal expression of theorems was practical. His rules of syntax allow
considerable flexibility for writing formal expressions and he showed how these rules could be exploited to
make formal mathematics readable.

Even if one takes the effort to follow all the rules, what assurance is there that the result is correct?
Morse’s book contained several typographical errors, but undoubtably fewer than most technical books. His
only assurance of correctness was through careful proofreading. Today, there is a better way to be assured
of formal correctness, thanks to the power of the computer. Given a suitable way to encode into a computer
language the formal images that are to appear on the written page, such as the TRX program of Knuth, a
program can be written to read the coding and parse the formal expressions for correctness. Such a program,
called ProofCheck, has been written in Python by Bob Neveln. ProofCheck also sythesizes the rules of proof
laid out by Morse. The resulting rules of proof are much closer to being practical than Morse’s original set
of rules. Thus we can see Morse’s work as the foundation for a practical computerized formal mathematics.

Morse’s Style

Before getting into some of the specifics, it may be helpful to look at Morse’s style of presentation. This
style can be characterized as incremental development supplemented by occassional proofs. His preference is
to state many “Theorems”, most of which are such small steps from previously known results that the reader
is expected to easily supply the proof. The use of many smaller theorems is similar to the style employed
by Edmund Landau (cf. Foundations of Analysis). Sometimes hints are given for proofs and, when needed,
more detailed proofs are provided. To get a sense of this incremental development, we give the number of
theorems (and occassional lemmas) in each of several sections of SI.



Topic Definitions Postulates Theorems

Number systems 38 28 119
Limits 34 0 41
Finite unordered summation 6 0 27
General unordered infinite summation 7 0 48
Restricted unordered infinite summation 8 0 91

Morse’s Logic

Morse adopted the predominant view that all mathematics is to be developed in set theory. This view
owes much to Dedekind who showed how to construct the number systems out of sets and formulated a
set-theoretic foundation for general induction. Set theory is a logical theory, that is to say that there is first
a foundation of sentential and predicate logic upon which set theory sits. Morse’s logic (and the resulting set
theory) is unusual in that no differentiation is made between terms (object names) and formulas (statement
names). However strange this may appear, in practice it has only marginal bearing on the formal statements
in these notes. Later on, we discuss a few instances where this may be perplexing.

The sentential logic is standard in that the true theorems are the tautologies. The notation is also
standard as shown below where p and ¢ are statements.

Notation Reading Alternate Reading Truth Condition

0 false false

U true true

(p—19q) p implies ¢ If p then p p is false or g is true

(pAq) p and ¢ Both p and ¢ are true

(rvaq) porgq p is true or q is true, or both
D q) p if and only if ¢ p is equivalent to ¢ both or true or both are false
~p not p p is false

In more complex expressions, removal of parentheses is governed by the precedence of operators. A
table of such precedences appears later in this introduction. For example, the expression

((png)=(pvaq))
may be simplified to

(pAg—pVa).

The predicate logic introduces the quantifiers “for each” and “for some”.

Notation Reading Conventional Notation
N\ zux For each z, ux is true (Vz)uzx
Vaux For some z, ux is true (Fz)ux



In these expressions, ‘ux’ is to be thought of as a predicate about the object x. For example
(x4+1=3—-2=2)

Most of the theorems in these notes take the form (p—¢). That is, there is a group of one or more
hypotheses, followed by one or more conclusions. The logical symbols determine the sentence structure of
nearly every theorem. There are exceptions such as Theorem R.14.3 of MI

(L erp)
in which no logical symbol occurs. The first step the reader must take in learning to read the formal
mathematics is to understand the logical structure of statements.

Morse’s Set Theory

Morse’s set theory includes proper classes and in particular a universe of sets, U, appearing in numerous
theorems. A proper class cannot be an element of a class. A set is a class that is a member of some (other)
class. In his book (but not in these notes), Morse uses the terms “set” and “point” to refer to classes and
sets, respectively.

Morse’s set theory uses both conventional and unconventional notation. Conventional notation includes:

Notation Meaning

U the universe

(x €y) x is a member of y

(x Cy) x is a subset of y

(x Uy) 2 union y

(xNy) x intersect y

~T the complement of x
(x—y) the set difference of z and y
(x,y) the ordered pair of x and y

Note that U is both logical truth and the universal class. Similarly, ~z is both the logical negation of
x and the class complement of x. For that matter, (x Ny) is equal to (z A y) and (x Uy) is equal to (z v y).
This suggests that (x — y) may be equal to (~z v y), which it is.
The subset notation is sometimes used by other authors to mean proper subset, whereas Morse uses it
in the sense of allowing equality. To indicate that x is a proper subset of y, Morse uses the notation (z C- y)
This notation appears very infrequently.
As in the logic, the precedence of operators governs the omission of many parentheses. For example,
the fully parenthesized statement
((x e (AN B))—=(x € (AUB)))
may be simplified to
(reANB—xz € AUB).
Another convential notation is illustrated by
(r<y<z=ue ACB).
This is a shorthand for
(z<yny<zaz=uru€ANACB)
which itself has been shortened by omission of parentheses. Another example is
(AnBNCQC)
which is shorthand for
(AnB)NQC) .

Unconvential notations include the following.



Notation Reading Conventional Notation

0 the empty set 0

sng singleton x {z}

E zux the class of all elements = such that ux is true {z :uzx}
N\ zux the intersection over z of uz ) zux
Vaux the union over x of ux Jzux
VA the union of the members of A U4
mA the intersection of the members of A NA
Azuzx the function taking each z to ux N/A
Sz the functional value of f at z f(x)

As is the case with notations discussed above, ‘0’, ‘A zua’, and ‘\/zuz’ have dual interpretations in logic
and set theory. In any given instance it will be fairly evident which interpretation is intended.

The classifier symbol ‘E’ is a stylized E and is derived from the French word “ensemble”, which is the
French technical word for set. Polish logicians first began using this notation. The ‘£’ symbol is a stylized
lambda, called “lonzo” and pays homage to Alonzo Church, who invented the lamda notation for function
definition that is widely used in logic and computer science. Morse’s choice of classifier notation and “lonzo”
notation helps to unify the notational treatment of bound variable forms. In particular it is often convenient
to consider a bound variable form in which the bound variable is restriced to the members of a given class
A. Examples are

Notation Reading Alternate Reading

Nz € Aux for each x in A, uzx is true the intersection as x runs over A of ux
Vx € Aux for some x in A, ux is true the union as x runs over A of uzx

Ex e Aux the set of z in A such that uz is true

Az € Aux the function taking each x in A to ux

Other variations on this theme include
Exz C Aux
Nz € AU Buzx .

In conventional mathematics notation, juxtaposing two things may have any one of several different
meanings, from function application to group multiplication. Morse adopts the convention that writing two
things next to each other with no intervening operator is to be understood as meaning the intersection of
the two things. Usage to mean intersection can be traced back to early formal logic in Boole. This usage
occurs frequently in these notes.

It is common in mathematics that a defined term is meaningful only under certain conditions or in
certain contexts. For example, an operation on an object may be meaningful only if the object is not a
proper class. Thus, sngz can be the set with x as its sole member, only if = itself is a set. Similarly, the
functional value of f at x, . fx, can fulfill the role only if x is a set. In such cases, it must be decided what
value to assign to the term when the required condition is not met. In the case of sngx, the empty set is
the result if x is not a set. In the case of . fx, the result is the universe, U.

Word-style notation
Many of Morse’s symbols are constructed as alphabetic combinations. It is easier to devise such com-

binations than to find a single character for each new concept. Furthermore, such combinations aid in
remembering what concept is referred to. Examples of such symbols are:



Notation Meaning

sb A the class of all subsets of A

spA the class of all supersets of A

sng x singleton x; the set with sole member x
singleton is A A is a singleton; for some z, (A = sngx)
dmn R the domain of R

g R the range of R

inv R the inverse of R

On A the class of all functions with domain A

Rules of Syntax

According to Morse, a formal language is built on basic forms and rules of substitution. Each basic
form is a linear array of symbols. For Morse’s language, there are three types of symbols (1) variables, (2)
constants, and (3) schemators (also known as schematic variables or second-order variables). The schematic
variables are used in propositions of predicate logic as well as in many bound variable forms in mathematics.
Most studies of formal mathematics limit the language to a first-order language containing no second-order
variables. In Morse’s language, only first-order variables are subject to quantification. The following are a
few examples of basic forms with a categorization of the symbols of the form.

Basic Form Variables Constants Schemators
(p_>q) 4p7 €q7 ((7 t_)7 ()7
(:L, € A) L:L,’, CA) ¢ 7’ 467 ’4)7
9 b b

/\xgm ‘o :/\a ‘Q’
Zx e Aux 4:1;7 4A7 ¢ 9 L€7 4u7

gy b b -
/\xvyglmy Lx7, éy? 6/\? 42/7
.fx Af?, ‘I’ (.7

All the schemators are symbols derived by priming from ‘u’, ‘v’, and ‘w’. Each schemator has an “arity”
that is indicated by the number of primes attached to the schemator. A unary schemator has no primes,
a binary schemator has one prime, a ternary schemator has two primes, etc. A schematic expression is a
schemator followed by the number of distinct variables according to its arity. In basic forms, a schemator
always appear in a schematic expression.

All of Morse’s notations were devised to comply with his rules of syntax. The Polish logician Lesniewski
did pioneering work in this area. Basic forms arise in one of two ways: either the basic form is a primitive
undefined form or it is the left side of a definition. To ensure the readability of the language, definitions
must follow rules of construction. Each definition in Morse’s language is of the form ‘(A = B)’ where ‘A’
is replaced by a new basic form, the definiendum, to be defined and ‘B’ provides the definition of the new
form, the definiens. There are rules for the construction of the definiendum and the definiens. These rules
are intended to guarantee that no formula (well-formed expression) begins with a different formula. Thus in
reading left to right, we will always know when we have come to the end of a formula.

Because a variable, such as x, by itself, is a well-formed expression, it follows that if a formula begins with
a variable, then the variable is the formula. Because the letter f is a variable , it follows that the conventional
function value notation ‘f(x)’ cannot be a definiendum. Consequently, Morse adopted a non-conventional
notation, ‘. fa’ for this purpose.



In relation to reading expressions from left to right, it should be noted that all of Morse’s notations are
linear. There are no vertical fractions, no variable occurs as a sub-script or super-script, etc. The restriction
to linear notation complicates the effort to reproduce many conventional mathematical expressions such as
summations and integrals. In Morse, the limits or range of summation or integration come to the right of
the corresponding summation or integral symbol as shown below.

Notation Reading Conventional Notation
> x € Aux the sum over z in A of ux Y oea T
supz € Aux the supremum over x in A of ux SUp,c 4 UT

Most of the basic forms that Morse uses fall into three categories, which we will refer to as (1) single
constant, (2) infix operator, and (3) bound variable. The following table shows examples of these three.

Single Constant Infix Operator Bound Variable

sb A (p—q) N\ zuz
U (x e A) Azuzx
Nbra (z+y) E zux
sb A (z,9) > zux

Part of Morse’s language theory includes a thorough treatment of basic forms of the infix operator type.
Such operators are assigned precedence levels to guide in the removal of parentheses. For the most part, these
rules agree with the conventions of informal mathematical writing. The table below shows the precidence
level of each of the binary operators that appear in these notes.

Precedence Operators

2 L%’

4 LH’

5 L/\7, (v?

6 ‘677 £97’ £C37 437, €:7’ (#7’ £<77 (>7’ (S7’ 42’7 ‘metrizes7,
8 (3]

9 L;_’

11 ‘=7

13 A

15 £m7’ tu7’ L.7’ 4.7’ AD’
17 ‘e

The application of these rules to the comma operator in the ordered pair is not conventional. Thus, for
example, in Morse’s language, one may write

(z,y € A)
as a shorthand for
((z,y) € A) .
Putting the comma to further use, Morse uses the notation
(z,y,€ A)
as a shorthand for
((z,9),€ A)
which in turn is defined to mean
(xeAnyeA).



There are also rules established for variations of the bound variable forms, such as ‘>z € Aux’ and
S~z € AU Buz’. Combining this type of expression with the comma convention above, could result in an
expression such as

Nz.y, € Au'zy
which means the same as
Nz e ANy € Au'zy .

Number Systems

As shown by Dedekind, the number systems may be built up using sets. These notes contain the results
of such a construction, without exhibiting the actual steps. MI has the following number systems.

Notation Meaning

w the natural numbers beginning with 0

w’ the integers

rn the rational numbers

rf the finite real numbers

rl the extended real numbers including — oo and oo
p the positive extended real numbers

rfp the positive finite real numbers

SI has all of the above along with the following.

Notation Meaning

kf the finite complex numbers

dinfin the directed infinites; one for each direction in the complex plane
oo the complex infinity = 1/0

infin the set of all infinite numbers = dinfin U sng co

spl the summation plane = kf Usng — oo U sng oo

cp the complex plane = kf Usng co

kt the complex extension = kf Uinfin

In SI, the summation plane, spl, is the primary number system of interest.
The natural numbers are constructed, following von Neuman, beginning with 0 (the empty set) and
following with
(1 =scsr0 = 0Usng0) where scsr is read “successor”.
(2 =scsr1)
(3 = scsr2) ete.
The result of this construction is that each natural number is equal to the set of lower natural numbers.
One notable aspect of Morse’s number systems, is that the number systems developed earlier have been
embedded into the final results. While it is true (see SI 1.11.0 - 1.11.2) and not unexepected that
(wCw Cr Crf Ckf Cspl C kt)
(rf C rl C spl)
(kf C cp C kt)
it might not be expected that the natural numbers retain their elementary set structure. Thus the complex
number 0 and the real number 0 are both equal to the natural number 0 which in turn in equal to the empty
set (and falsity).



It is important to understand the arithmetic of the number systems. Note the completely general
theorems of commutativity and associativity where no assumption is made that z, y, and z are finite numbers
or numbers of any kind (see MI R.7.0 - R.7.3 and SI 1.6.6 - 1.6.8).

(z+ty=y+uz)
(z-y=y-2)
(z+ty+tz)=z+ty+z=(z+y) +2)
(- (y-z)=2-y 2=(2y) 2)

There are many cases where (z + y) and (« - y) do not have useful meanings. In such cases, the value
is the universe, U. If z and y are infinite numbers, their sum is a number only if they are the same directed
infinity, while their product is always a number. Any finite complex number added to an infinite number
equals the infinite number. Any non-zero finite complex number times an infinite number yields an infinite
number.

The desire to have unconditional associativity is one of the reasons behind directed infinities. If plus
and minus infinity are included in the arithmetic and if

(—oo=-1-00),
then by associativity it follows that
(—oo=—-1-00=(i-1) 00 =1-(1-00)) .
Thus (i-00) must have some meaning.

Similarly, the following example shows that including infinity in arithmetic prevents an unconditional

theorem of distributivity.
(041)-00=100=00#U=U+00=0-00+1-00)

Morse uses the notation ‘zn to indicate raising the number x to the integer power n. In particular, any
number z raised to the 0 power is equal to 1. This includes zero to the zero power ('00), which is often
viewed as indeterminate. One of the advantages of Morse’s answer is that it makes power series, such as
that for the exponential, work. In order for exp(0), i.e. e to the 0 power, to equal 1, the first term in the
series must equal 1, which in turn requires that 0 to the 0 power is equal to 1.

Morse has extended the use of (z + y) and (z - y) to work when = and y are number-valued functions,
or when one of z or y is a number-valued function and the other is a number (see MI R.11 and ST 1.10). In
fact, the Ph. D. thesis of one of his students, Robert Arnold, was devoted to further extensions of plus and
times.

There are bound variable and non-bound variable forms for infima and suprema.

Notation Meaning

infz € Aux the infinum of uz as x runs over A
supx € Aux the supremum of ux as x runs over A
Inf A the infimum of the set of numbers A
Sup A the supremum of the set of numbers A

Morse defined the absolute value, |z|, in a somewhat unusual way, so that the absolute value is always

a number from 0 to co. In case x is not a number, the absolute value of = is equal to co. This facilitates
some nice theorems about sums and integrals of absolute values that require very little, if any, hypotheses.
Examples are the following theorems from SI.

1.16.0 (0 < |z|] < o0)

1.16.3 (| — z| = |=|)

1.16.4 (Jo + 9| < |2l + lyl)

1165 (2] — Iyl < = — y])



Convergence via Runs

There have been several attempts to unify the concept of topological convergence. For example, Bourbaki
General Topology, Chapters 1-4 (Springer Verlag, 1989) put forth the theory of filters (p. 57) and Kelley,
in his book General Topology (Van Nostrand, 1955), used the theory of nets(p. 62) as first developed by
Moore and Smith. Kelley stated “We are interested in developing a theory which will apply to convergence
of sequences, of double sequences, to summation of sequences, to differentiation and integration.”. Morse,
along with Hewitt Kenyon, developed the concept of a run as a generalization of a direction (see Runs, H.
Kenyon and A. P. Morse, Pacific Journal of Mathematics, 1958).

A direction is a non-empty transitive relation, R, so that for any two members x and y of the domain
of R, there is a z in the domain of R such that

(r,z€ RAy,z€ R) .
Because Morse saw that some useful applications of runs would require that the “elements” z, y, and z, may
be proper classes (and therefore incapable of belonging to a set), he replaced the notion of ordering with a
comparison of “vertical sections” of a relation. If R is a relation (set of ordered pairs), then the “vertical
section of R at x” is the set of all y such that the ordered pair (z,y) is a member of R.

(vs Rx =E y(z,y € R))

Then the defining characteristic of a run is that for any two members x and y of the domain of R, there

is a z in the domain of R such that
(vs Rz Cvs Rz Nvs Ry) .
As an example, Morse defines the run ‘sumrun’ used for unordered summation as
(sumrun = E a, f(a C B € fnt)) .
That is, sumrun is the set of all ordered pairs of finite sets such that the first coordinate is a subset of the
second coordinate. The vertical sections of this relation are proper classes.

What is most notable about runs, however, is the fact that the domain and range of the run need not
have any members in common. Clearly this cannot be true for a direction, because the z that is found for
2 and y is in the domain and in the range. However, for the purposes of integration, Morse defines the run,
called ‘mode ¢’, in which members of the domain are partitions of a given set while members of the range
are selector functions defined on partitions. This run is discussed in the section below on integration. In
short, runs retain all of the needed characteristics of directions, but are considerably more flexible regarding
proper classes and the separation of domain and range.

Runs can be used to define limits for all of the purposes cited above by Kelley. The most important
limit concept used in these notes is the limit in the summation plane denoted by

Im xRux .
This is the limit in the summation plane of the values ux as = runs along R. In this context, R is a run to
be specified. For x to run along R means that = is in the range of R. The limit has the property that it is
equal either to a number in the summation plane or to the universe. That is
(L=IlmzRur—LesplvL=U).
It may be helpful to state an € - § type condition for the value of this limit.
(runisRA L €spl— L =IlmzRuz <> Neerfp\d e dmnR Az € vs Ri(ur € Nbel))



Summation

Morse’s theory of summation is very carefully crafted and the two courses give different perspectives
on that development. In MI, summation is developed from a postulational basis and deals only with real
numbers while in SI, the full development of summation is given based on complex numbers. The following
notations are used in different ways in the two courses in connection with summation.

Notation Meaning MI SI

Nbrp r neighborhood of p p must be real p may be complex
Im x Rux R limit of uz uz must be real uzx may be complex
lin nun sequential limit of un un must be real un may be complex
> x € Aux sum over z in A of ux uxr must be real ux may be complex
> nun symmetric sequential sum un must be real un may be complex

Morse’s approach is somewhat unusual in that he develops unordered summation as the fundamental
form of summation. The development in SI is done as follows.

Topic Notation Begin End
Finite unordered summation adx € aux 1.58 1.64
Infinite unordered summation of reals Ad zux 1.65 1.72.1
General unordered infinite summation > zux 1.72.2 1.86
Infinite unordered summation over a class > x € Aux 1.87 1.134
Symmetric ordered summation > nun 1.135 1.139

It is only when we get to Symmetric Summation, after 77 defintions, lemmas, and theorems, that we
encounter the special case of ordered summation. This is the only form of summation treated in many text
books.

In the development of summation and integration, Morse uses a special form of multiplication

(zoy)
which equals (z - y) if neither z nor y is 0. If either = or y is 0, then (z e y) is equal to 0. This implies,
for example, that (U e 0 = 0). The motivation behind this device is to ensure some results with minimal
hypotheses and it facilitates defining summation and integration over a given set as special cases of general
summation and integration.

As indicated in the table above, the study of summation begins with finite summation, that is, the
sum of a finite number of things. At this stage, it is not required that the things summed belong to the
summation plane for the sum to exist (i.e., not equal to U).

Summation of real numbers (including infinite real numbers) is defined as a limit of finite sums. In
this case, the positive numbers and negative numbers are summed separately and the final answer is the
combination. For this purpose, Morse sets up the concepts of psx and ngx which are the nonnegative part
and the nonpositive part of x, respectively. Each is defined as a nonnegative number and so that if z is not
a real number, then the answer is co. Thus, for example,

x psx ngax
0 0 0
1 1 0
-1 0 1
%) 00 0
— 00 0 00
U 00 o0

10



As mentioned above, a special run, called sumrun is set up for the purpose of defining real summation.
This run is the class of ordered pairs of finite sets («, ) for which (o C 3). We are farther along in sumrun
when we are considering larger and larger finite sets. For sumrun we can restate the € - § condition for the
value of the limit as follows.

(R=sumrun A L € spl = L = lmaRua <> Aeerfp\/d € fnt A o € fut(d C o — uer € Nbel))

Using these concepts, summation of reals is defined as follows.
(Adzuzr = Ilmasumrunad z € apsur — lmasumrunadx € angux)) .

It is worthwhile noting that limits are not needed at this stage. Each of the limits in the above definition
could be replaced by a supremum over finite sets, since in each case only nonnegative numbers are being
summed. Morse acknowledges this in theorem 1.70 which follows from 1.51.0.

In order to define summation over numbers in the summation plane (finite complex, co, and — o0),
Morse uses the concepts of the real and imgainary parts of a number. If x is a finite complex number (i.e.,
(x € kf)), then there are unique finite real numbers a and b so that

(r=a+1iD).
Morse denotes the a and b by prt’ z and prt” x, respectively. For the infinite reals he sets
(prt’ oo = 0o A prt”’ co =0 A prt/ —oo = — oo A prt”’ — oo =0) .

With these concepts, general unordered summation is defined as follows.
> zur = (Adxprt” ux € rf - Adzprt’ ux 4+ i- Ad z prt”’ uz))

An interesting theorem is the following.
(> zur € spl— > zur = lmasumrunad x € aur)
This theorems suggests the possibility that it was not necessary to use the intermediate concept of real
summation in order to define the final summation. That is, might it be the case that the following is a
theorem?
(3~ zur = lmasumrunad x € aur)
The following example, not given in the notes, shows this to be false.
Az((z=0—-ur=00) A (x #0—uzx=—1)—> zur = U Almasumrunad z € auz = o)
This is because as soon as 0 is included in the finite sets, the finite sum will always be oo, hence the limit
of the finite sums is co. On the other hand, when considering the positive and negative parts, each sum is
infinite and the combination is equal to U. This shows that even real summation is not a simple limit of
finite sums. That is, the following is not a theorem.
(Az(ur € rl) Almasumrunadz € cuzr = S € r1—- S = Ad zuz).
What can be said is the following (which is close to 1.133).
(Imasumrunadz € qur = S € kf —» 5 zur = 5)

Whenever the sum exists, it is the limit of finite sums. Therefore, it may be helpful to state an € - ¢

type condition for the value of summation.
(Sespl=S=>zur < ANecrfp\d et \Aa € fnt(d C a—adx € aur € NbrS))
For restricted summation, the condition is the following.
(Sespl=S=>xz€ Aur < ANecrfp\/d emtNsbAAa € mtNsb A(d C a—adx € aux € NbrS))

Measure Theory

As mentioned earlier, the development of measure theory appears only in the MI notes. A measure on a
set S is a non-negative real-valued function, ¢, on the subsets of S. Most authors define a measure as being
defined on a o-field of subsets of S. Morse defines the set of p-measurable subsets of S as those subsets that
satisfy the Caratheodory criteria

(mblo=FEACSAT CS(.¢T =.p(TA) +.p(T~A)))

11



After developing the general results of measure theory, Morse turns to studying measures on metric
spaces. Again, Morse’s definition is slightly at odds with the usual approach. Most authors define a metric
space so that if the distance between x and y is 0, then = equals y. Morse’s relaxes this rule, so that his
definition of metric space is what others refer to as a pseudo-metric space. While he defines the notion of
simple metric where the condition is introduced, this notion does not appear in any of the theorems.

It is worth while to notice the technique employed in Definitions 2.50.0 and 2.81.0.

2.50.0 (dmtr pn = E B(p € metric A diam pf < 2n))
2,81.0 (bore p = E B(p € metric A A\ p € Md p(8 € mbly)))

Each of these has a definiens that begins “E B(p € metric A...” . The purpose of this construction is to
ensure that the assertion (8 € dmtr pn) or (8 € bore p) will imply that (p € metric) , so that this condition
does not have to be stated separately.

Integration

The development of integration in SI is quite abstract and we will attempt to describe this development,
along with describing the more concrete case given in MI. The concept under discussion is the integration
of a numerical-valued function, f, over a space, S, with respect to a measure-like function, . The function
@ is defined on subsets of the space S whereas the function f is defined on the points of S. Thus we may
consider that the space S is determined either by the function f, by (S = dmn f), or by the function ¢, by
(S = Vdmn ). Morse has chosen the latter, to allow more freedom in the domain of f.

The basic idea of the integral is to define Riemann-type sums as approximations to the integral as
follows. The process begins with a partition, D, of the space S that does not contain the empty set. Next
comes a “selector” function, £, defined on D (D = dmn¢), so that

ABeD(.EBeP) .
The Riemann sum is now defined as
(rsum fé€p =Y B € dmné(. f. 5 0. 0P)) .
Thus, for each member, 3 of the partition, the selector function chooses an element, z, in 8, namely (z = .£5).
The function f is evaluated at the point x and then multiplied by the “measure” of the set 3, giving
(.fx o .pB). The multiplication here gives 0 whenever either of the two mulitiplicands equals 0. The
resulting products are summed over all the members of the partition to obtain the Riemann sum.

The integral is defined as a limit of the Riemann sums, according to some, as yet unspedified, method
of integration. The method of integration is represented by a run M, and a preliminary integral is defined
as

(J# M fe} =ImEM rsum fEp) .

In MI, ¢ must be a measure for the integral to exist. However, in the initial stage of SI, no restriction
whatever is placed on f, &, or ¢ in the definition of the Riemann sum and no restriction is placed on M
for the definition of the integral. That is, f is not assumed to be a numerically valued function, £ is not
assumed to be a selector function, and ¢ is not assumed to be a measure-type function or a function of any
kind. Even without such restrictions, an € - § type condition can be stated for the existence and value of
this very general preliminary integral.

(runisM A J € spl—J = [#Mfp} < Neerfp\/d € dmn M A& € vs Mé(rsum fEp € Nbel))

Before considering a specific method of integration, Morse refines the preliminary integral with regard
to the infinite cases. He requires that if the integral is infinite, then the function being integrated must be
the limit of a sequence of functions, each of which has a finite integral. A function satisfying this condition
is said to be “neared”. The fact is expressed using the notation

neared# Mo f .
Using this concept a second preliminary integral is defined as follows:
(J# Mfo] = (neared Mo f — [# Mfep})) .

The “implies” sign (‘—’) in this definition has the effect that if f is neared, then the result is the
preliminary intergral; whereas if f is not neared, then the result is the universe, U. Thus, f must be neared
for the integral to exist (be a number in the summation plane).
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The new € - § condition is not much changed.
(neared Mo f A J € spl —
J=[#Mfp| < Necrip\/dedmnM A& € vs M(rsum fEp € NbeJ))

A bound variable notation for the integral is defined at this stage as follows

(J# Muzp dz = [# M Lzury)) .

The only method of integration discussed in either of the two courses is integration by refinement of the
partition. If D and D’ are partitions of S, then D’ is a refinement of D, denoted by ‘(D' CC D)’, if each
member of D’ is a subset of some member of D. The integral is defined as the limit of the Riemann sums,
as the partitions become more and more refined.

An example of an alternative method of integration can be found in nearly any calculus text book,
where Riemann integration over a finite interval is defined. The interval is partitioned into a finite number
of subintervals and the “mesh” of the partition is defined as the maximum length of the subintervals. The
limit method in this case is to require that the mesh of the partition approaches zero. The general structure
set up here easily accomodates such an alternative method.

In the context of integration by refinement, conditions on the arguments begin to appear. The only
Riemann sums, rsum f€p, that will be considered will require that £ is a selector function and that ¢ is in
the class of ‘grator’ functions. A function, ¢, in grator is a function whose range is a subset of the summation
plane and that has the value 0 at the empty set. Keep in mind that the space of integration, S, is determined
by ¢ as (S = Vdmng). Morse defines the term ‘rlm ¢’ (realm ¢) to refer to V dmn . The domain of the
selector function ¢ is required to be a countable partition of S (i.e., a disjoint countable collection, D, of
nonempty sets, such that (V. D = S)). Furthermore the only such partitions, D, that are considered are
those on which ¢ is additive in the following sense. For each T in the domain of ¢, it must be the case that

(«pT'=3"B€D.o(IB)) .
This is a very strong condition for it implies that for each 8 in D, (T'8) is in dmn ¢. (Recall that (T3 = TNg).)
The set of partitions that satisfy these conditions is called ‘scheme ¢’ and is defined as follows
(scheme ¢ = E D € partionrlm ¢(¢ € grator A AT € dmnop(.T =Y. 5 € D.o(TPh)))) .
Here partionrlm ¢ is the set of all countable disjoint partitions of rlm ¢, consisting of non-empty sets.

The conditions on scheme ¢ are not sufficient for Morse’s purposes. He defines a special type of scheme

called a grid as follows.

(eridp = E D € scheme p A\ G € scheme p(DNG € scheme p))
where (DN G) is a common refinement of D and G formed by taking non-empty intersections of members
of D with members of G. If ¢ is a measure, then the members of scheme ¢ are the countable partitions of
S of p-measureable sets and

(grid ¢ = scheme ) .

In fact, theorem 7.36 shows that every finite scheme is a grid and theorem 7.37 shows that if ¢ is a non-
negative function taking 0 to 0, then (grid ¢ = scheme ¢) . Thus the two concepts coincide under much more
general conditions than ¢ being a measure.

With the above conditions placed on the partitions and the grator ¢, the ground is laid to spell out the
refinement method of integration. The refinement run is defined, denoted by ‘mode ¢’ as

(modep =E D, &(D € grid ¢ A & € selector A dmné € gridp A dmné CC D)) .
Thus, if (D, £ € mode ¢) then the following statements are true.
(D e€gridp A D € schemep A VD =rlmp = Vdmnp)
(€ € selector A dmn¢ € grid A dmné CC D)

Theorem 7.34 shows that if ¢ is in grator then mode ¢ is a run. Using mode ¢, Morse defines a non-
preliminary, but still very general, form of integral

([ fo} = [# modepfy]) ,

along with a bound variable form
(fuzp dz = [# mode purp dz) .
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We conclude this discussion with an € - § characterization of the above bound variable form of the
integral. In preparation for our characterization, we give the specialized version of “neared” as it applies to
integration by refinement.

(neared ¢ f = neared# mode ppf)
Now our characterization is

(f = Azux A p € grator A M = mode ¢ A neared pf A J € spl —
J= [urpdr < Neerfp\/d € gridp A& € vs Mé(rsum fEp € NbelJ) .

This can be made a little more specific by expanding on the meaning of ‘mode ¢’ as follows.

(f = Azux A p € grator A neared pf A J € spl —
J=[urpdz <
Nee€rfp\/é € gridp A€ € selector
(dmné € gridep A dmné CC § = rsum f€p € NbeJ) .

Completely Additive Functions

Each of the two courses has a section with this title. In MI, the study is restricted to what might be called
signed measures, while in SI, complex valued measures are considered. The Hahn and Jordan decomposition
theorems are the primary results of these sections. It is notable that Morse has defined completely additive
functions in such a way that the sum of two of them is again a completely additive function. This is not
usually the case (cf. Halmos, Measure Theory, Van Nostrand, 1950, pp. 117-118).

Some Special Notations

It was mentioned earlier that Morse’s language does not distinguish between terms and formulas. There
are a few definitions that make use of this unification and thus the reader might benefit from an explanation
of some of these.

The following references are from SI.

1.9 (nozx = (x =0 v x)) . The definiens is (x = 0 v ) . Using the rules for omission of parentheses,
this is equivalent to ((x = 0) v x) . In this case, the “or” sign is acting as a set union. The definition could
have been written using the set union sign in place of the “or” sign, but the additional parentheses would
have been required in that case. This is because the “or” sign is more fundamental in the expression than a
union sign would be. In particular “or” is more fundamental than ‘=" while union is less fundamental than
‘=" On the left is the statement ‘(z = 0)’ which is either true or false and thus has either the value 0 or
the value U. On the right is x. Thus, if (x = 0), the result is ((U v ) = UUx = U). On the other hand,
if (x #0), i.e. ~(z =0), then (z = 0) is equal to 0 and the result is ((0 v ) = 0U z = z). Therefore nozz
(“non-zero z”) is = if « is not 0 and U (the universe) if X is 0.

1.12 (Vx = (0 < z—=SupEt > 0('t2 < 2))) . Again, using the rules for omission of parentheses, the
definiens is equivalent to ((0 < z) = SupEt > 0('t2 < z)) . In this case, we can think of an implication
(p— q) in terms of truth values. The implication is true whenever either p is false or ¢ is true. Restated in
logical terms, (p— ¢) is the same as (~p v ¢q), not p or q. In set theory terms, it is the same as (~p U q),
complement p union q. Thus we could rewrite the definiens as (~(0 < z)USupEt > 0(t2 < z)) . If (0 < z),
then ~(0 < z) is equal to 0 and the definiens is equal to SupE ¢ > 0('t2 < z). On the other hand, if (0 < z)
is false then, ~(0 < z) is equal to U and the definiens is equal to U. Thus the construction of the definiens
assures that we will get the (non-negative) square root of z, if x is non-negative and we will get the universe
otherwise.
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1.14.1 (prt” x = (x € 11 A Theb € rf \a € rf(z = a +1-D))) . With parentheses back in, the definiens
becomes ((z «~ € 11) A Theb € rf \Ja € rf(z = a +1-b)) . Here the “and” sign operates as intersection and
has been used in place of intersection because of its level of precedence for parenthesis removal.

1.14.2 (x| = (z € kf A /(prt' 22 4+ "prt”"22) v v~ € kf A 00)) . To help analyze the definiens,
let us use the letter A to represent the expression /(" prt’ 22 + “prt” 22) . Then the definiens becomes
(x e kf A Av z € kf Aoo). WIth parentheses back in, the definiens is (((x € kf) A A) v ((x «~€ kf) A 0)).
Now the entire definiens can be seen as one big “or” value. Analyzing this like the previous example shows
that if (z € kf) then the absolute value of x is A and if (z «~€ kf) then the absolute value of z is co.

121 (Nbra=(a=—-ocoAEz(prt'z < —1/r)vacekianEz(lz—al| <r)va=ooAEx(prt' z >1/r))).
To analyze the definiens, let us use the abbreviations A for Ez(prt’'z < —1/r), B for Ez(|lx — a| < r),
and C for E z(prt’z > 1/r). Then the definiens, with parentheses added, becomes ((((a = —o0) A A) v
((a € kf) A B)) v (a = 0o A C)). In this case the statement is a big “or” statement based on the second
“or”. With parentheses added, the “or”s can be replaced by unions and logical analysis shows that: if a is
equal to negative infinity, then the result is A; if a is a finite complex number, then the result is B; if a is
positive infinity, then the result is C; and in any other case, the result is 0. The definiendum can be read as
“neighborhood ra” or the r neighborhood of a. A similar analysis applies to 1.22.0.

1.87 ((a®b) = (a # 0 A b # 0 A a-b)) . With parentheses added, the definiens is ((a # 0) A (b # 0) A (a-b)).
Thus as long as both (a # 0) and (b # 0) are true (and thus equal to the universe), then the result is (a - b).
However, if either (a = 0) or (b = 0) is true, then the result is 0. This essentially means that multiplying
anything by 0 gives 0, for this special form of multiplication.

1.92 (Cray = (z € y A 1)). The revised definiens is ((x € y) A 1). If (z € y) is true then the result is 1,
whereas if (x € y) is false then the result is 0. This is the characterstic function for the set y applied to x.
The result is 1 or 0 depending on whether x is an element of y or not.

A Few Additional Notations

There are a few other notations in SI which are either not explained or merit some comment. In the case
of non-explained notations, it may be that Morse had some additional material for the course, such as the
Background Notation for MI. On the other hand, the reproduction of these notes is based on a handwritten
copy done by Bob Alps in 1971 and it is possible that unexplained notation was introduced during the
copying process. For example, Morse’s notes typically did not include the outer parentheses formally needed
in most theorems. These were added in the copying process to be consistent with the standard of formality
in Morse’s book. Some notations from the book may have found their way into the notes in a similar fasion.
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1.1.0 sesr x - “successor 27 equal to (zUsngx). This is the successor function for natural numbers. Zero

is the empty set, 0. One is the successor of zero,
(1 =scsr0=0Usng0 =sng0) ,

etc. Each natural number is the set of all lower natural numbers.

1.1.0 (z € y) - membership relation, x is a member of the class y; x is an element of the class y.

1.1.5 (z Uy) - union,  union y, the class with elements from either x or y.

1.1.11 (z Ny) - intersection, x intersect y, the class with elements in both z and y.

1.2.2 (z C y) - subset, z is a subset of y, each element of x is also an element of y.

1.8.0 “zn - integral power, x to the n, x raised to the n power.

1.10.0 L zux - function definition, the function taking x to the value ux.

1.14.0 The zuz - unique description, the unique x such that ux is true.

1.18 (R : S) - composition of relations, the set of all ordered pais (x, z) such that for some y, the ordered
pair (z,y) is in R and the ordered pair (y,z) is in S.

1.70 supz € Aux - supremum, sumpremum as x runs over A of ux.

1.14.0 (prt' z = Thea € rl\/b e rtf(z = a +1iD)) .
The definiens is using a notation for unique descriptions, ‘The xuz’ , the unique = such that ux is true. In
this case, a special form of the description is used, ‘Thex € Aux’, which is the unique x in A for which ux
is true. This is equivalent to
Thez((x € A) Aux) .
A definition for this term is given in Morse’s book. If there is no unique x such that pz is true, then the zpx
is equal to U. B B

In 1.62.3, the notation ‘snglx’ appears. This is a variation of the notion of sngx, singleton x. While
sng x is equal to 0 in the case that x is a proper class, snglz is equal to U in such case.

The remark after 7.46 uses the notation ‘kf’ without any earlier explanatioin. This is Morse’s notation
for the standard metric on the complex plane. In MI, he uses a similar notation ‘rf’ for the standard metric
on the real line.

SI: Other Issues

In the proof of 7.74, the notation ‘pwr G’ occurs. This is Morse’s notation for the cardinality of the set
G. In the case at hand, the cardinality is equal to w which is the cardinality of the set of natural numbers.
(In fact, w is the set of natural numbers.)

In the proof of 7.80.1, reference is made to 3.18 A which is not part of these notes. This reference may
be to a theorem in a set of Morse’s notes from a course in analysis. That theorem is labelled 3.18* and states
(Az(ur — vz €r1l) —
sup z; (ur A wa)ve < sup x; urve A
inf z; urve <inf x; (ux A wz)ve)
The Background Notation which follows was a compilation put together by Morse for his classes.
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Background Notation

All of the notations below should be either familiar, or obvious, or at least fairly easy to figure out.
Some are explicitly defined in the lecture notes.

All of the formulas below can be taken as theorems; some in fact as definitions.

Notations
0 ((p A gq)« (pandq))
1((pvq) < (porg))

(
(
(\ zuz < For each x,ux)
(Vzuz <For some x,ur)
(Az € Aux < Az(z € A—ux))
(Vz € Auz + \z(z € A A uzx))
(z3y) < (yex)
( ~(z € y))
( ~(z C )
(Cy) e (@Cynrzy)
—(zny))
oy =a~y = (z)(~y) =xN~y)
'z 7’ is used in lieu of ’z~y’ for technical reasons in expressions such as '\ z € A «~ Buz’.
13 (A x € Aux = The intersection as x runs over A, of ux)
14 (\/z € Auz = The union as z runs over A, of uz)
15 (E zuz = {z : ur} = The set of points x such that uz)
.16 (VA =\ € Az = The union of A)

.17 (TTA = Az € Az = The intersection of A)
8 (U = The universe = ~0)

19 (0 = The empty set = ~U)
20 (VU=U=170)

21 (TU=0=7V0)

22 (sbA=FEz(x C A))

23 (spA=FEz(x D A))

24 (z is a point <> Vy(z € y) <> z € U)

25 ~(U is a point)

26 (sngz =Ey(y = 2))
27 (x € U—sngz =0)
28 (singletonis A <» \/x € U(A = sngx))
29 (Ex,yu'zy =E 2 Vo Vy(z = 2,y A v'zy))
30 (ordered pairisp <> \Vz \/y(p = z,v))
.31 (relationis R <+ A\ p € Rordered pairisp)
32 (vs Rz = The vertical section of R at = E y(z,y € R))
33 (hs Ry = The horizontal section of R at y = E z(x,y € R))
34 (+RA=EyVz € A(z,y € R))
35 (*RB=Ey\ye€ B(z,y € R))
36 (dmn R = The domain of R = E 2 \y(z,y € R))
37 (rng R = The range of R = Ey\/z(z,y € R))
38 (inv R = The inverse of R =F z,y(y,x € R))
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.39
.40
41
42

43
46
4
4
5
.52
%)
.56
58
61
65
67

functionis f <+ relationis f A A\ z € dmn f singletonisvs fx)
(univalentis f > functionis f A functionisinv f)

(Upon A = E f(functionis f A dmn f C A))

(On A = E f(functionis f A dmn f = A))

(To B =E f(functionis f A rng f C B))

44 (Onto B = E f(functionis f A rng f = B))

45 (Uto B = E f(univalentis f A rng f C B))

(Uonto B = E f(univalentis f A rng f = B))

A7 (fx = TTvs fx)

(Kz € Aur =Ez,y(x € AAy=ux))

(f = Az € Aux — functionis f Admn f = Ex € A(ur € U) A Az € dmn f(. fx = uz))
(functionis f - Az v~ € dmn f(. fo = U))

51 (w = The set of natural numbers)

(1=sng0A2=1Usngl ={01} A3=2Usng2={012} A An €w(n+1=nUsngn))
53 (fut = E zfiniteisz = E z\/n € w\/ f(f € Onz Uonton))

54 (cbl = E z countableisx = Ez \/f(f € Ona Utow))

(squc A = E f(sequenceis f Atng f C A) = Onw To A)

(z mG f — |z| = 00)

57 (1l = E 2(— 00 < 2 < o))

(rf*E:c( 00 < x < 00))

59 (rfp =E z(0 < z < o0))

60 (supz € Ouz = —oco Ainfa € Quz = co A Y x € Oux = 0)

O<y—Vy=swzerf(z - 2<y) A0S VYA VY- Vy=1y)

62 (~ Az € Aluxr €rl) »supz € Aur = infx € Aux = U)

63 (bignun <> VN e wAn € w(N <n—un) < \/N e w/An €w- Nun)

64 (linnun = The sequential limit of un with respect to n)

(2 4y 2w =2+ (4 2)/w)

66 (rct AB=Ex,y(x € Any € B))

(sqr A =rct AA)

68 ((pmetrizes A) <+ (p € Onsqr A Torf A

NeeANye ANz € A0 =.p(z,2) < .p(x,2) < .p(x,y) +.p(y,2))))

69 (space p = TTE A(pmetrizes A))

70 (metric = E p(pmetrizes space p))

71 (rf = The standard metric on rf = Lz,y € sqrrf |2 — y|)
72 (st py = E 2(cp(a, 2) < 9))

73 (intr pA = The interior of A under p = E z\/y € rfp(sr pzy C A))
74 (clsr pA = The closure of A under p = Ex Ay € rfp(ANsrpzy # 0))
75 (diam pA = Sup(sng0U \Vx € A\/y € A{.p(z,v)}))

76 (bounded p = E A(diam pA < 00))

77 (dist pAB = infx € Ainfy € B.p(z,y))

78 (open p = E A(p € metric A A = intr pA))

79 (closed p = E A(p € metric A A = clsr pA))

80 (2n=1/2n)

81 (ndx =index =E N € squncw An € w(.Nn < .N(n+1)))

82 (sbqnep =E q(p € sqncU A VN € ndx An € w(.qn = .p.Nn)))

83 (strc fA=Ax € A. fr)

84 (linnun = linminfn € w «~ mun)

85 (linnun = linmsupn € w «~ mun)
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.86 (runis R <« relationis R A R # 0 A
Az edmnRAy € dmnRVz € dmn R(vs Rz C vs Rz Nvs Ry))
Nbrp=Ez(p=occArxz>1/r)UEa(perfalr—p <r)UEz(p=—oconrz < —1/r))
ImzRux = TTEp(Ar € rfp VVy € dmn R A 2 € vs Ry(uz € Nbrp) A runis R))
indexrun R = Ez,y(runisR A 2 € dmn R A y € dmn R A vs Rz D vs Ry))
Im 2 Ruz = lm y indexrun Rsup = € vs Ryux)

Cauchy p = The set of Cauchy sequences under the metric p)
cvgpr = E S € sque p(p € metric A linn . p(. Sn,z) =0))
Complete p = E A(p € metric A A S € Cauchy pNTo Az € A(S € cvgpx)))

87 (

88 (

89 (

90 (

91 (Im zRux = Im y indexrun Rinf x € vs Ryux)

92 (

93 (

94 (

95 (Continuous p{ = E f(functionis f A p € metric A ¢ € metric A A\ z € open((*fx € open p)))
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Real Numbers

R.1 Definitions
0((r—y) = (@+—y)

1 (r] = E z(Supsngz # U))

(Thereals = 1)

rf =Ezerl(x —z=0))

(rp=Ex € rl~1(Sup(sngz U1) #0))

(rfp = (rf N1p))

((z<y) = (z,y,€1lAy —x €1p))

( (r<yvz=yerl))

( (y <))

( (y <))

R.2 Postulates
O0(0ewcCrfel)
l(xew—arUsngr=z+1€cw)
20eSCcwaAneSnh+1les)—=S=w)

R.3 Postulates
O(x4+y£U—ozeUnrxz+yel)
1@ -y2U—ozeUnrx-yel)
21/x£A£U—2e€Unl/zel)

R.4 Postulates

O(xerl—-—zerl)
l(zerl=l/zerl+ z#£0)
20#zecrl-rerpv —x€rp)
3(rxerlsrwerfr—a=U

< 1/z=0

S r=00VI=—00)
A4 (SupA#U+ ACrl« SupAerl)

R.5 Postulates
O (z,y,erfsx+yerfax-yerf)
1(z,y,€rp—oax+yErprz -y €Erp)
2(@erlazr-yerl—yerl)
3(z-y=0—=2=0vy=0)

R.6 Postulates
O(—z=-1-x)
1(zfy=1z-(1/y))

2(@erfryerlwfoar+y=y)

R.7 Postulates
0(@x+y=y+ux)
1(x-y=y-x)
2@+ y+z)=v+y+z=(r+y)+2)
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3(-(y-2)=z-y z=(-y) 2
4(zerf—oz - (z+y)=z-2+2-y)
Sxerd—=1l-s=c+0=21)

6 (0#zerf—a/z=1)
TAcCrinterl 5> Az e Ay <t) < SupA <t)

R.8 Definitions
O(Ww=Ennhcwv —ncw))
1 (The integers = w')

R.9 Postulates
O(xerl-"20=1)
(xerl/\nEw—> x(n+1)—x-'xn)
(nEw “w—zn ="(1/x) —n)
3(en#U—-necw Azel)

Definition
R.10 (nozz = (z =0V x))

R.11 Postulates
O(zxerln0#y e Torlsa+y=nozLt(x+.yt) A
x -y =noz Lt(x-.yt))
1 (z,y,€ Torlvl— 2 +y =noz Lt(.at + . yt) A
x -y =noz Lt(.xt - .yt))

R.12 Definitions
.0 (supx € Aux = Sup \/z € A{uzx})
1 (infx € Aur = —supz € A—ux)

Definition
R.13 (Inf A = infx € Ax)

R.14 Theorems
O(xerf—=0-2=0)
Proof:
O=2x—z=x-14z-—1=2-(1—1)=2-0=0-x)
d (zx erf——z erf)
Proof: R.4.0 and R.6.2
2(=1-—1=1)
Proof:

1+-1=0A-1-14-1-—-1=0A—-14+-1-—-1=0A—-1-

3 (lerp)
Proof: Using R.4.2, R.5.1, and R.14.2
(1£#0—1erpv—1€erp
—lerpv—-1-—1€rp
—lerpvlerp
—1€erp)
A (xerlwrf sz 4y —erf)
S(oerlan—o0erl)
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.6 (00 + 00 = 00)
Hint: (co €rpVv — o0 € 1)
(00400 €rlenrf A oo+ 00 # —0)
7(0-00=1)
Proof:
(U=0-U=0-(cc—00)=0-(c0c+—-1-00)=0-00+0-00=0-(c0+00) =0-00)
S(xerlwnrf—0-2="0)
I(xerlszertfosr—ar=0
—+0-2=0
~0-x#U
< x—x#U)
10 (z,y, €l sax+yerf & xy,erf < -y erf)
Al (z erl« —z e1l)
A2 (z erf « —x erxf)
Remark. Inequalities behave reasonably, for example
(a b, ErlAa+b>c%\/a’<a\/b’<b(a’+b’>c))
E (=00 < 7 < o0))
rf*Ex( 00 < x < o))
00 < x—=x+00=00)

3 (1l
4 (
5(=
6 (
7(
8 (

T <00—=T — 00=—00)
0<T—=2-00=00AZ —00=—00)
r<0—=T-00=—00AT —00=00)

To facilitate computation
R15(zerlvyerl=0+z+y=z+ynl-z-y=2xa-y)
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Chapter 1: Summation

1.0 Definitions
0 (psz=InfEt(z <t>0))
1 (ngz =ps—ux)
2 (rilz = (z erlvae="1))
B (rilpr=0<zvze=1)
4 (|z| = (psz + ng )

1.1 Theorems

O0(0<z—psz=rx)
1 (z<0—psx=0)
(x ~€rl—>psz =00 =ngx)
(0<pszA0<ngz)
(x ~erl—spsx — ngz =TU)
(rile w2 =psz +ngzx)
(Jz| = psz +ngz)
(pS(ery) +ngm+ngy =ng(z +y) + psz + psy)
(
(

0<pS(x+y) <psz +psy)

10 (0 <ng(z +y) <ngz +ngy)

11 (0<e<oco—ps(c-z)=c-pszAng(c-z)=c-ngz)
Hint: Use R.5.2

2 (rila A rilb—ril(a + b) A ril(a - b))

1.2 Postulates
0(AzeAlur=vz)—>> z € Aur =) = € Avz)
1 (> 2z €0ur=0)
2(yeUnruy erl—=> x € sngyur = uy)
3(yeUnuy ~erl—> z €sngyur = U)
A4(ANB=0—>>r€ AUBur=> xz € Aur+ ) x € Bux)
5(Ax € Alur >0)—=> o € Aur =supa € fatNsb A Y = € aux)
6 (> recAur=> 2v€ Apsur — > x € Anguzr)

Definition
1.3 O zuxr = > x € Uuzx)

1.4 Theorems
0ril) x € Aux
1 (> ze Aux € rl = A z(uzx €11))
2 (> x € Aux € rf - A\ z(ux € rf))

Summation by finite partition
5(BeftAaV=\yeBvwa ANy, z,€ Bly#z—vynve=0)—=> z€Vur=> y € B) x € vyur)
Proof: Hint: Induction on pwr B

Theorems
1.6 (Beft—> € Blur+vz)=> 2 € Bur+ > z € Bvz)
1.7 (>-xz e A0 =0)
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18> z€eA—ur=—-> € Aux)
19(0#cerf—=>Y e Alc-uz) =c- Y z € Aux)

1.10 (Axz € A(ux > 0) =0 < >z € Aux)

111 (Az € Aluz > 0)—= > z € Aur =0+ Az € A(uz =0))

1.12 Theorems
0> zcAur+> z€Bur=>) € AUBur+ ) z € AN Bux)
1(Are€eAlur>0)—=> z€ AUBur <> x € Aux + > x € Bux)

Theorems
113 (Az € Aur >0Ave >0)= > z € Alur+vz) => ¢ € Aur + >z € Avr)
114 (Azr e A0 <ur<vzr)—0< > x€ Aur <> x € Avz)

Lemma
115 (—oo< Y zcAur + > a€ Ave =s— >y x € Alur + vx) = s)
Proof:
Evidently
O xrxeAngur+ )z € Angvr < 00)
and it is clear from 1.1.10, 1.14, and 1.13 that
0(0<>Y zecAnglur+ve) <> x€ Alngur +ngve) <> z € Angur+ Y, z € Angve < 00)
Next use 1.1.7 and 1.13 in checking
>xeAps(ur+vz)+ > x € Angur + > . x € Angvze
=Y xeAnglur +va)+ Y x € Apsux + Yz € Apsvz) .
From this, .0, and R.15 we infer
Sz e Aps(ux +vz) — > x € Ang(ux + vz)
=Y x€eApsur — Y x € Angur + Y. x € Apsve — Y.z € Angvz) .
Then apply 1.2.6.

An almost immediate consequence of 1.15 and 1.8 is

116 Oz e Aux + Y z € Avr erl—
SreAlur+vr)=> x € Aur + Y.z € Avxr)

117 (Az € A(uzr < vz)— > x € Aux ~< Yz € Avz)

1.18 Theorems
00 < |z < o0)
zerf + 0< |z <o)

1(
2 (
3 (|—$\ |z])

4 (Jo + o] < Jal + ly)

5 (rilz Arily = [|z] — |y|| < |z —yl)
6 (z,y, e xf— oy < x| -|y[)
704yl [1/y] = 1/ly)
(xerl=|z|=avV|z|=—1x)

9 (xerl—ax<|z|)

Theorems
1.19 (| >z € Auzx| <>z € Alux|)
120 Oz e Aert < Y v e Alux| < o0)
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Definition
1.21 ((aeb) = (a-bAa,b,#0))

1.22 Theorems
0 (a,b,#20—aeb=a-b)
0<|a|<oo—>a0b—a b)

1 (
(
(ao(bec)=(awb)ec)
(ae0=0e0a=0)
(cerf—ce(at+b)=cea+ceb)
(rilpa Atilpb Atilpec—ce(a+b) =cea+ ceb)
(rilrArecerl—r=0vcerl)
(a,b,erl—aeberl)
(a,0,>0—aeb>0)
10 (rila A rilb —ril(a @ b) A ril(a + b) A til(a - b))
11 (rilpa A rilp b — rilp(a e b) A rilp(a + b))

2 (rilchaecerlnbecerlnaect+beceri—

aec+bec=(a+b)ec)

13 (0<c—ps(cex)=cepsz Ang(cex)=cenguz)
d4 (a<bA0<c—cea<cebd)
A5 (rile—»0+z=azAnlex=1-2z=ux)

2
3
4
5
.6
7
8
9

1.23 Theorems
0 (rily — |z 0 y| = [z @ [y])
1 (|z] eyl <oo—|zey|=]|z|e][y|)

We repeat 1.4.0 in 1.24.0.
1.24 Theorems
0ril) x € Aux
l(cerf—=> xze Alcour) =ced x € Aux)
2> zeA(leur)=1e> z € Aur = > x € Aux)
3(rileA ANz € Arilpuz = > x € A(ceuzr) =ce > x € Aux)
4 (ANx € Arilpur Aced x € Aur €rl— > x € A(ceuxr) =ce > x € Aux)
S5 (ANxeArilpur A z € A(coux) €rl— > x € A(couxr) =ce > x € Aux)
6(cled ze€Aur|<oco—=> x€ Alcour) =ced x € Aux € rf)
7O zecAlcour)erlrced xc Aurcrl— ) v € A(cour) =ce ) x € Aux)

With the help of .0, .4, .5, and 1.4 we see
125 (N\z € ANy € Brilpyv'zy—> v € Aluzed ye€ Bv'ay) =>.x € AY y € B(ur e v'zy))

Definition
1.26 (Cray= (1 Az €y))

1.27 Theorems

0(Cray=1z€y)
1 (Cray =0+« z~€y)
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Theorem
128 Oz € Aux = z(CrzAeur))

Lemma

129 (Az,y(Wzy>0)AAemt—> xe AY yu'zy=> y> x € Au'zy)
Hint: use induction on pwr A .

Lemma
130 (Az,y(u'zy > 0) =3 x ) yu'ay < 3y au'zy)

Theorems
131 (Az,y(u'zy > 0) =3 x ) yu'zy =3y xu'zy)

Very useful is
1.32 (ANz,y(@zy >0 A S=>zuzed yvzy) erl =5 =>y> x(ur e v'zy))
Proof:
(125 =3 z(uze) yv'zy)
=Y wps(ur e} yv'zy) — > wng(ur e} yv'zy)
=Y z(psuz e} yv'zy) — > z(nguz e} yv'zy)
=X z) y(psuzrev'ay) — > x ) y(nguw e v'ay)
=Y y> z(psuzrev'zy) — > y> z(nguz ev'zy)
=2y z(psurev'zy) — > z(nguz e v'zy))
=2 y> x(ur e v'zy))

A generaization of 1.32 is
133 (Az,yrilpw'zy A S = z(ur e Y yw'zy) €erl—= S => y> z(ur e w'zy))
Hint: Assume
Nz, y(¥'zy = |w'zyl) .
Check that
Az,y, € Ulux e vay = ux e w'zy)
and then make use of 1.25, 1.2.0, 1.3, and 1.32.

We now have almost at once
Summation by positive distribution

134 Nz € ANy € Brilpvayan S=> zc A(ure) y € Bv'zy) €1l
—S=>yeB) xvecAlurevy))

For some notations and some limit theory see Kenyon and Morse.
1.35 (Ax € ANy € Brilpuzy—> .z € AY ye Bu'zy=> y€ BY z € Au'xy)
An easy consequence of either 1.32 or 1.34 is

1.36 O_xz(ure> y € BCravy) €1l
—Y z(ured ye€ BCravy) =) .y € BY x € vyux)
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Summation by partition
13T (V=VyeBywANANy,z,€E By#z—vyNvz=0A> xz € Vuzrerl
> xzeVur=> ye B> xcyvyux)
Proof:
Note that
(CraV => y € BCravy)
and apply 1.36.

1.38(V=VyeBvwyArAzeV(ur>0)—-0<>zeVur <> ye B> =€ vyur)
Proof:
Check that
(0<uzxeCrzV <ured yc BCravy)
and apply 1.14 and 1.36.

A fairly evident consequence of 1.36 is
Positive Summation by Partition

139 (V=VyeBvwyAa ANz eVrilpuzran A\ye BAz€ Bly# z—vynNyvz=0)
=Y xzeVur=>) yeB) x € vyur)

Summation by Transplantation
1.40 (univalentis f — > ¢ € dmn fu. ft = >« € rng fux)

Summation by Commutation
141 Oz e AY yeBluay|<oo—=>Y x€ AY ye Buzy=> ye€ B> x € Au'zy € 1f)
Proof:
(rf>3Y2eAY ye Bpsuay— > 2 € A y € Bugu'ay
=Y x€ Ay y € Bpsu'zy — Yy € Bngu'zy)
=Y ax€ A ye Buzy
=Y yeBY xeApsvay— > ye BY xz € Angu'ay
=>y€B(Xz € Apsu'zy — >}z € Angu'zy)
=>ye By z € Au'zy)

Dominated Summation by Distribution
142 >z e A(jluz| e > y € Blv/zy]) <oconS=> x € Alur e > y € Bv'zy)
—> x€eAY yeBlurevazy)=S=> ye B> xc Alurev'zy))

1.43 Theorems
.0 (Supw = )
1(0#£ACw—InfAcw)

Definition
1.44 (pwr' A=> z € Al)

Theorem
1.45 (pwr’ A € w v pwr’ A = o0)
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1.46 Theorems
.0 (0 =pwr’0 < pwr’ A)
.1 (pwr’(AU B) + pwr’' (AN B) = pwr’ A+ pwr’ B)
(n € w—pwr'n=n)
(pwr’ A =n € w <+ \/f(univalentis f A dmn f = n A rng f = A))
(pwr' A € w <+ A € fnt)
(pwr’ A = 00 > A «~€ fnt)

Definition
147 (ntab=Etla<t<bvb<t<a))

Definition
148 >z € Aux =linn )z € ANnt — nnux)
Note that (>j € w’ = 0) because of the symmetry employed in 1.48.

1.49 Theorems
0 (jewuj=linn) je€ nun)
10 newun erl—=>ncwun=> n € wun)
2 (Xn cwlun| => n € wlun|)
3 (> ncwlun| <oco— ¥y n€wun=> n € wun)

1.50 Exercises
O0(0<arncw—="(14+an>1+n-a)
Hint: induction
1 (1l <y—linn'yn = oc0)
2 (lz] <1—=0=linn"|z|n = linn'zn)
B(z|<ocornnew—(1—zx)-Y jen'zj=1—"an)
Azl <1=>Yjewzj=1/1—2))
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Chapter 2: Measure
Preliminaries

2.0 Definitions
.0 (gauge = ToE (0 < z < o0))
.1 (disjointedis H = Ao, 8,€ H(a # 8 — af =0))
(dsjn = E H disjointed is H)
(MF=\a € Fsng(VF «a))
(V" F =\/G € cblNsb Fsng V Q)
(" F =\/G € cblNsb Fsng(V F TTG))
(Vield=E F(V'F =~'F = F))
(Borel F = (sb VFTTE G € Vfield(F C G Csb V F)))
(tract F = \Ja € V"' Fsba)
(dmn’ ¢ = E 2(] . pz| < 00))
(dmn” ¢ = (dmn ¢ N tract dmn’ ¢))
A1 (rlmy = Vdmn )
12 (sprd o = Vrng p)
A3 (zr f =Ex(. fx =0))
A4 (sct T = LA € dmnp.p(TA))
A5 (squcC F=EK €squc FAn € w(.Kn C .K(n+1)))
16 (squeD F =E K esquc FAn € w(.Kn D .K(n+1)))
17 (cover A=EH(AC VH))
.18 (cuv AH = (cblNcover ANsb H))

Fundamentals

2.1 Definitions
O (MsrS=EpegaugenOnsbSAAecdmnp AF €cuvAsbS(.9A <> e F.pB))

(

(Ms = E pmeasureis ¢)
(measurablepis A= (p € MsA A € dmnp A AT € dmnp(. T = .o(TA) + .p(T «~ A))))
(mblp = E Ameasurable pis A)

(mbl’ ¢ = (mblp N dmn’ p))
(
(
(
(

=

mbl” ¢ = (mbl NV’ mbl’ ¢))

smsro = E ¢ \/T (¢ = sct T A ¢ € Ms))

submeasure p = smsr @)

smsp =F ¢ € smsr (. rim 1y < 00))

10 (hullpA=FE A (AC A" emblp A .pA" = .pA))

A1 (HUlH=EpeMsrVHAAcdmnp\VA € HNsp A(.pA’ = .pA))
12 (Msh = E ¢ € Ms(p € Hullmbl ¢))

Theorems

22 (peMsrS— S =rlmp A p e Ms)

23 (peMsrS—.p0=0A(ACBCS—.9pA<.pB)A
(HechIANVHCS—.oVH<Y e H.pp))

24 (peMshAAUB edmne—.p(AUB) <.pA+.pB)
Hint: let (F' = sng AUsng B) and use 1.21.1.

25 (Aemblp+r peMsAAedmnp A AT € dmn’ pwzrp(.oT = .(TA) +.p(T~A)))
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26 (peMsAKecbla Az e K(ur € dmng) —.oVe e Kur <) z € K.pux)
Proof:
Because of 1.38
(H = Vz € Ksnguzr —
e\Vre Kur=.pVH
<Y BeH.pB
<> azeK) pesngur.pf
=Yz € K.pux)
2.7 (p € Msr S — sms ¢ C smsr p C Msr S)
Proof:
Evidently (sms¢ C smsr ) .
Now suppose (¢ € smsr ) and choose T so that (1 = sct T) .
Clearly,
(sbS =dmny =dmn A1) € gaugeNOnsb S) .
Moreover
(HecuvAsbS—TACTVH=\pecHTSE) A
WA =.p(TA)
<.pVBeH.o(IB)
<> B€H.p(TH)
=) B€H.yp)
Consequently (¢ € Msr S) .
The arbitrary nature of ¢ assures us (smsrp C Msr.S) .

2.8 Theorems

0(p esmsro— ANACrimp( A <.pA))
1(peMsrS—Aecembly < AY €smsro( .S =.pA+ . (S~A)))
(peMsrS—Aemblp < Ay €smsp( A+ .9p(S~A) <.9S))
(g2 € SmST 1 A 1 € SMST Y — Y2 € SMST )

(p2 € SMS ] A 1 € SIST P — g € SMS )

(p1 € smsrp — 1 € Msrrlmp C Ms)

(v € smsr p — mblp C mbl))

(1) € smsrp —sctpA € smsrsct pA)

(¢ € smsp—sctipA € smssctpA)

(peMsrSAS CSAS~S €zrp—.p(SA) =.p(S"A))

10 (peMsr S A S CSAp €smsrsctpS —.¢ (SA) =.¢'(5'A))

Theorem
2.9 (A € mbly —rlmp~A € mblp)
Proof:
(Y €smsp A S =rlmep—
S > A+ Pp(S~A)
=.Y(S~A) + . YA
= . P(S~A) + .p(S~(S~A)))
Thus because of 2.8.2, (S~A € mblp) .

2.10 Theorems

O(peMsA.pA=0—A € mbly)
1 (p€Ms—0€mbly Arlme € mblyp)
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2.11 Theorems
O (peMsAT € dmnp—T € mblsct ¢T)
1 (B emblsct T AT € mbleo —TB € mbly)
Proof:
Let
(¥ =sct T) .
Now suppose
(S €dmny) .
Since
(T € mbly)
we know
(.@(S~(TB)) = .p(S~(TB)T) + .o(S~(TB)~T) = .o(TS~B) + .¢(S~T)) .
Since
(B € mbly)
(.@(STB) 4+ .(TS~B) = .¢(SB) + .¢(S~B) = .¢S = .4(ST))
Since
(T € mbly)
we also know
(.(ST) + .(S~T) = .S A
.@(STB) + .¢(S~(TB))
=.p(STB) + .p(TS~B) + .o(S~T)
=.o(ST) + .(S~T)
=.p9).
The arbitrary nature of S assures us (I'B € mbly) .

Theorems
2.12 (A€ mblpy A B€ mbly — AB € mbly)
Proof:
According to 2.86 (B € mblsct ¢A) and according to 2.11.1 (AB € mblyp) .

2.13 (A €mblp A B € mblp— A~B € mbly)
Proof:
(S =rlmyp— A~B = A(S~B))

214 (A€ mblp A Bemblp— AU B € mbly)
Proof:
(S=rlmp—AUB = S~(S~(AU B))
= S~(S~A~B) = S~((S~A)~B))

Lemma

2.15 (p € Ms A H € futsbmblgp — V H € mbl )
Proof:
Use 2.10.1, 2.14, and induction.

Theorem

216 (Acmblop A Bedmnp—.p(AUB)+.p(AB) =.9A+ .¢B)
Proof:
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Since
(A € mbly)
we know
(.o(AUB)=.9p((AUB)A) + .9((AU B)~A)
=.pA+ .p(B~A)) .
Also since
(A € mbly)
we know
(.0(AUB)+.p(AB) = .0A+ .p(B~A) + .¢p(AB)
=.pA+ .¢p(BA) +.p(B~A)

=.pA+.9B).
Lemma
(p e MsA H € fntdsjnsbmbly —.o VH =Y. 8€ H.pp)
Proof:

Use 2.16 and induction.

Theorems

2.17 (p € Ms A H € cbldsjnsbmblp—.p VH =>4 € H.pB)
Proof:
(FefntsbH—=)Y feF.pf=.oVF<.pVH<)Y fcH.pp)
Now use 1.2.5.

218 (w0 =0A Az e K(ux € U)A Az,y, e K(z #Zy—urNuy =0) A G =\/z € Ksngux
— disjointedisGA >z € K.pux => .8 € G.pp)

Proof:
Let
(K'=KEz(ur #0)nG =\zx € K'sngx AN = Lz € K'ux) .
Now
(v,y, e K'nz#y—urnNuy=0
—uz # uy
—.Nx # .Ny) .
Hence

(univalentis N A dmn N = K/ Atng N = G')
and because of summation by transplantation it follows that
SreK.pur=> 2z K .pur+0
=>xzeK .Nx+0
=3 8eG.p8+0
=Y B€eG.vp).

219 (AH € cblndsinNsbM (W VH=> € H.¢YB)AK €cbla Az € K(ux € M)
ANz,y, € K(x #y—urnuy =0)
=\ e Kur=> z € K .¢ux)
Proof:
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Let

(G =V=x € Ksnguz)
and note that

(G € cblNdsinNsb M A VG = \x € Kuz A .90 = 0)
and use 2.18 in checking

(Ve eKur=.yvVG=>.€G.¢Yf=> € K. .pux) .

From 2.17 and 2.18 we have at once
220 (p e MsA K €cbla Az € K(ux € mblp) A Az,y,€ K(z #y—uzxnNuy =0)
—.p\Vre Kur=> xz € K.pux)

221  Aae MABe Mnsbala~fe M)A ANH € cblNdsinNsbM(.p VH => 8 € H.¢ypp €rl)
AS€EsqucCMAA=\/n€Ew.Sn
—linn.y.Sn=.¢9pAerl)

Proof:
Let

(S"=Anewl.Sn~\ren.Sv)AG=\/n€wsng.S'n) .
Check that

(G ecblndsinNsbM A Amew(.Sm=V#€ (n+1).Sv)AA=Vnew.5n=VG)
and that 2.19 may be applied twice to yield
(1> A=Y rvew.v.Sv
=linnd ven+1l.¢9.5v
=linn.y.Sn) .

The proof is complete.

From 2.18 and 2.21 we have at once
222 (SesqncCmblprn A=\Vnew.Sn—.pA=linn.p.Sn)

2.23 (p € Ms A H € cblNsbmbly — V H € mblp)
Proof:
In view of 2.15 we assume (H # 0) and choose (K € squc H) so that (H = \/n € wsng.Kn) .
Let
(S=rlmpAA=VHANK =L Ancw\ven.Kn).
Note that
mew—.K'nC.K'(n+1)CAA~.K'nD~A)
and also that
(A=\new.K'n).
We now assume
(¥ € smsp) .
From 2.15 and 2.8.6 we infer
new—=.YS=.p.K'n+.(S~.K'n) > .¢0.5n+ .¢9(S~A)) .
Hence from 2.22 we conclude
(.pA+ .YPp(S~A) =linn.vK'n+ .9p(S~A)
=linn(.¢.K'n+ .¢(S~A))
<.9S) .

Because of 2.8.2 the desired conclusion is at hand.
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2.24 Theorems
0 (F € Vfield— 17" F = F)
1(FCGAVF=VG—Borel F C Borel G)
2 (F € U— Borel F € Vfield)
.3 (Borel Borel F' = Borel F)
4 (F € Vfield <> Borel F = F € U)

Theorem

2.25 (p € Ms— mbly € Vfield)

2.26 Theorems
0 (Ac mbl”" oA Becmbl”p— AB € mbl” p)
1 (¢ € Ms <+ V" mbl” ¢ = mbl” ¢)
2 (peMsAF €cblnsbmbly A Fmbl” ¢ # 0— TTF € mbl” )
3 (rlm ¢ € mbl” ¢ — mblp = mbl” ¢)

Theorems
227 (Acmbl'pA AC Bedmnyp—.p(B~A) =.pB — .pA)
2.28 (S €sqneombl g A A=\n€w.Sn—.pA=1linn.yp.Sn)
229 (.pA<oo AT €mblp A =sct T —hullpA C hully A)

Proof:

Recall 2.8.6 and then check

(A" € hullpAd— A C A €mbl' p A
0<.pA" — WA

p(A'T) — .p(AT)
p(AT) — L p(AT) + . (A ~T) — L p(A~T)
pA — LpA
=0
—ACA embly A PpA = .PpA
— A’ € hullpA) .

IVANI

Exercise
2.30 (v € Hullmblyp A A’ € dmn’ o NhullpA Azrp Czrip AT € mblp — (T A) = .p(TA"))

2.31 Theorems
.0 (T € H € Vfield A ¢ € Hull H — sct ¢T € hull H)
A (T €mbl” ¢ A H € Vield A ¢ € Hull H — sct ¢T € Hull H)
Hint: use 2.27 and 2.8.9.

Theorems

2.32 (¢ € Msh A ¢ € smsrp — 1 € Msh)

2.33 (By € hullpA; A By € hullpAs — By U By € hullp(A; U Ay))
Proof:
Clearly
.0 (.(,DAQ = 00— By UBy € hull (p(Al U AQ)) .
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On the other hand helped by 2.27 we infer
(.pA < oo AT =rlmp~By A1) =sct T —
.QD(Al @] Az) = -QD((Al @] Az)Bl) + .(p((Al @] AQ)NBl)
.(p(Al @] AgBl) + .Lp(AQNBl>
A+ YAy
.pB1 4+ .Y By
.pB1 4. (p(BQNBl)
.(p(Bl U BQNBl)
-p(B1U By)
= .(p(Al U Ag)) .
Accordingly
1 (.QOAQ < 00— B; UBy € hull (p(Al U Ag))
and the desired conclusion follows from .0 and .1.

vl

Vol

Remark. The corresponding conjecture for intersections is false.

2.34 (An € w(yn € hull pun) — \/n € wyn € hullp \/n € wun A
linm.o\n €mun =.p\/n € wun)
Proof:
From 2.33 we infer by induction that
(m € w—\/n € myn € hullp \/n € mun) .
Using this and 2.22 we infer
(ve\n € wun > linm.p\/n € mun
=linm.p\/n € mym
=.p\n €wyn
>.p\/n €wun) .

2.35 (T €mblo A HCmblp A @ € Hull H A rlm g € mbl” ¢ A ) = sct T
—H C V"H Cmbly Ay € Hull V"’ H)

Because of 2.34 and the principle of choice it is easy to check the very useful
2.36 (p € Msh A S €sqneCdmnp A A=\necw.Sn—linn.¢p.Sn=.pA)

Remark. Even though (p € Msh), the restriction in 2.28 that (S € sqnc D mbl’ ) cannot be relaxed
in the spirit of 2.36 to the requirement that (S € sqne> dmn’ @) .

237 (peMsA Aaedmnp(.pa=inff € HNspa.pf) A A€ dmnp A
AT € HNdmn' ¢(.¢T = .o(TA) + .o(T~A))
— A € mbly)
Proof:
Let
(T"edmn' oAe>0AT CT" € HA.oT" < .oT" +¢) .
Clearly
(T" € HNdmn' p)
and we have
(T +€> .T"
p(T"A) 4+ (T ~A)
cp(T'A) + . p(T'~A)
LT .

VIVl
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The last paragraph assures us
AT € dmn’ p(.oT = .o(TA) + .p(T~A))
and reference to 2.25 completes the proof.

We now have at once
238 (p € MshA Aedmnp—A€mblg < AT € mbl' o(.¢T = .p(TA) + .p(T~A)))

239 (peMshA AUB edmny—.p(AUB) 4+ .¢(AB) < .pA+ .¢B)
Proof:
Suppose
(AC A emblpn.pA=.pA")
Infer from 2.16
((p(AUB) 4+ .p(AB) < .¢p(A’UB) 4+ .p(A'B)
=.pA +.pB
=.pA+.¢B)

240 (p € MshA AUB €mbl'p A .p(AUB) =.pA+.pB— A € mbly)
Proof:
Ascertain
(A’ € mbly)
so that
(ACA CAUBA.pA =.pA).
With the proof of 2.39 before us we can deduce
(«¢(A'B) =0) .
Since
(AA~NA=AN(AUB)N~A=A'B~AC A’'B)
we learn that
(cp(A'~A)=0n A ~A cmbly) .
Since
(A= A'n(A'~A))

the desired conclusion now follows.
The Measurability of Certain Sets

Deferring proofs until later we now state
2.41 Theorems
0(WeMsrSAAn€ew(.KncCS)Alinn.yp(S~.Kn)=0—linn.y¥(. Kna) =.9(Sa))
1(WpeMsrSABCSAlinn.y(S~.Kn)=0A An € w(.p(.KnB)+ .¢(.Kn~B) < .¢S)
B + . (S~B) < .4S5)

2(p eMsrSAKesquecCsbSAS~\new. Kn€zrpad new.(.K(n+1)~.Kn) < oo

—linn.¢¥(S~.Kn) =0)
Proof of .0
O<r<oo—
bign(.¥(Sa) > .y (S . Kna)
Wp(Sa.Kn)+r—r
Y(Sa.Kn)+ .¢p(Sa~.Kn) —r
.¢(Sa) r)

Y I\/ H

Proof of .1
Notice that An € w(.Kn C S) and use .0
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Proof of .2
Let
(B=\necw.Kn)
and note
(n€w—S~.KnC S~BUB~_.Kn A
B~ KncCc\Umewwn(.K(m+1)~.Km) A
(S~ Kn) < (S~B) + (B~ . Kn)
— (B~ . Kn)
<>Smewaun.p(.K(m+1)~.Km)) .
Hence
(0 <linn.y(S~.Kn)
<linnd) mewwn(.Pp(.K(m+1)~.Km)
=0).

242 (p € Msr S A A € squcC U A
Ancw( . An+ Y. An+ 1)~.An) = .. A(n + 2))
=Y new.Pp.An+1)~.An) <2-.95)
Proof:
We assume
(LS < )
since otherwise the desired conclusion is obvious.
Let
(M =.¢.A0+ .¢.Al)
and complete the proof in four steps, the first of which is obvious and the second of which was
suggested by Maurice Sion.
Step 1
(new—.YAn+2)~. An+1)) <.9.A(n+2) — .. An)
Step 2
(Ncw—=YneN.p.An+2)~.An+1)) <.¢p. AN + .. A(N +1) — M)
Proof: use induction on N
Step 3
(Cnew. P An+2)~.A(n+1)) < 2.5 — M)
Proof:
OCnew Y An+2)~.A(n+1))
=linNY> ne N.Y(.An+2)~.A(n+1))
<lnN(.¢. AN+ . ¢ . A(N+1)— M)
<lnN(.¢pS+.9S— M)

=2..S — M)
Step 4
Snew. . A(n+1)~.An) < 2-.95)
Proof:

Onew. YLA(n+1)~.An)
WAL~ LA+ Y new p(CA(n+2)~ L A(n+ 1))

;.¢.A1+2~.1/)S-M
=28 — A0
<2-.98)
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243 (peMsrSAAesqucCUAB=\n€w.AnA
AN esmspAnew(p.An+ . p(S~.A(n+1)) <.9S)
— B € mblyp)
Proof:
We note that
(BcCS).
Let
(C=S~BAK=An€ew(lCU.An))
and complete the proof in five steps.
Step 1
(newnyesmsp— .. An+ Y. An+2)~.A(n+1))) <.¢.A(n+2))
Proof:
Let
(W =sctp.Aln+2)) .
Note that
(. An+ Y An+2)~. A(n+ 1)) = . . An+ .Y (S~ . A(n + 1))
<. 'S =Y. An+2)).
Step 2
(¢ € smsp—linn.yp(B~.An) =0)
Proof: lineb Use Step 1, 2.4.2, and 2.41.2.
Step 3
(¢ € smsp—linn.yp(S~.Kn) =0)
Proof:
(new—S~.Kn=(CUB)~(CU.Kn)=B~.An)
Now use Step 2.
Step 4
(Y esmspanecew—.Y(.KnB)+ . .¢9(. Kn~B) < .9S)
Proof:
(.¢p(.KnB) 4+ .¢(.Kn~B) = .9((CU.An)B) + .¢(. Kn~B)
. An+ (. Kn~DB)
. An+ .p(S~B)
A An+ (S~ A(n+ 1))
.S)

INIAINA

Step 5

(B € mbly)

Proof:

Use Step 4, Step 3, 2.41.1, and 2.8.2.

The next two theorems are due to Trevor J. McMinn. The second follows easily from the first whose
proof we shall give presently.

2.44 Theorems
O(peMsrSAKesqucCFAS~\ncew.Kn€zro A An € w(F C mblsctp.Kn)
— F C mbly)
d(peMsrSAAY esmsp\/K € sqneC F(
S~\Incw.Kneczry A An € w(F Cmblscty.Kn))
— F C mbly)
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Proof of .0:
The desired conclusion is a consequence of 2.8.2 and the statement
(BeEFApeEsmsp—. B+ .9(S~B) < .pS)

Proof:
Clearly
(F CsbS).
Next
(Neway =sctyy . KN
5 F C mbly
— . W(.KNB) + .1(.KN~B)
= ./(.KNB) + .9/'(.KN~B)
= .KN=.9'S <.9pSA
S>SneN.YLKn+1)~.Kn)=>ne N.9((KN.K(n+1)~.Kn)
=YneN.Y(Kn+1l)~.Kn)
=.¢'\Ine N.K(n+1)~.Kn)
<.¢Y'S.
<.9S)
Accordingly

(New— W(.KNB)+ . ¢(.KN~B) < .S A
Y>neN.YLKn+1)~.Kn)<.yS).

Clearly now

2 Anew(.¢¥(.KnB)+ .¢(.Kn~B) < .¢S)
and

B3O new p(Kn+1)~.Kn)<.¢pS <) .
Since evidently

(S~Vn ew.Kn € zry)
it now follows from .3 and 2.41.2 that

(linn.y(S~.Kn)=0) .
From this, .2, and 2.41.1 follows the conclusion now desired.

Metric Fundamentals

Definition
2.45 (Md p = E ¢ € Msrspace p(p € metric A A A\ B(dist pAB > 0— .9A+ .pB =.9(AU B))))

Theorems
2.46 (¢ € Mdp A ¢ € smsr — 1) € Md p)
2.47 (p € Mdp A B € open p— B € mblp)
Proof:
Letting
(S=spaceprd=LzxeSinfze S B.p(x,z) AA=An € wEx(.dx > 2n))
we divide the remainder of the proof into four parts, the first of which is easily checked.
Part 0 (B=\/n € w.An)
Part 1 (n € w—dist p. An(S~.A(n+ 1)) > 0)
Proof:
Suppose
(xe.Annye S~.A(n+1)) .
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Since

(z € S~B— .0z < .p(x,2) < .p(x,y) + .p(y, 2))
we see

(.o <.p(z,y)+ .9y A2n < .0z A2(n+1)>.0yA

2n <.p(z,y) +2n+1)A0<2(n+1)=2n— 2(n+1) <.p(z,y)) .

The arbitrary nature of (z,y) assures us that

(distp.An(S~.A(n+1)) >2(n+1) >0) .
Part 2 ( e smspAncw—. An C.An+1) Ao . An+ . 9p(S~.A(n+ 1)) < .¢S)
Proof:
Obviously

(\An C .A(n+1)) .
Moreover, 2.46 assures us

(¢ € Md p)
and the remainder of the proof follows from Part 1 and 2.45.
Part 3 (B € mbly)
Proof: Use Part 0, Part 2, and 2.43.

2.48 (pmetrizes S A o € Msr S — ¢ € Md p «» open p C mbl ¢ > closed p C mbl p)
2.49 (pmetrizes S A ¢ € Msr S A A\ A, B, € bounded p(dist pAB > 0—.9A+ .9B =.p(AU B))
— ¢ € Mdp)

Constructed Measures

2.50 Definitions
.0 (dmtr pn = E B(p € metric A diam p < 2n))
1 (dsn’ H = \/G € fntNdsjnNsb H sng V G)
.2 (gratedis H = A «, 8, € H(a~p € dsn’ H))
B(GccF)=ANaeGVBeF(acCp)
A4 (refinedis H = A F € cblNsb H\/G € cblNdsinNsb H(G CC FA VG =V F))

2.51 Definitions
0 (mssgSH=ALACSinfFecuvAH) B € F|.g8|)
.1 (msm gpH = L A C space psupn € w . mss g space p(H dmtr pn)A)
.2 (mrg = mssgrlm gdmn g)

2.52 Definitions
.0 (om ¢ = mss @ rlm ¢ mbl p)
Thus om ¢ is the outer measure associated with ¢ . For inner measure
A1 (imp=ALACrlmesupfS € sbANmbly.ps)

2.53 Definitions
0(add’ =FgeTorlANAedmng A\ F € fntNdsjnNsbdmng(A =V F—.gA=> € F.gB))
d(add"=EgeTorlAAedmng A\ F € cblndsinNsbdmng(A=VF—.gA=> € F.gP))
.2 (subadd” = E g € gauge A A € dmng A F € cblNdsjnNsbdmngNsbsb A(.gA > > 8 € F.gp8))

Lemma

254 (FecblaO0<e—\neTorfp(d B e F.nb<e))
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Theorem
255 (SeUAp=mssgSH — ¢ € Msr5)
Proof:
Part 0 (¢ € gaugeNOnsb S)
Part 1 (F €cuvAsbS—.9A<> S F.pp)
Proof:
We shall assume
OABEF(.pB <)
since otherwise Part 0 assures us immediately of the desired result.
Let
(e >0)
and choose
(n € Torfp)
that

(CBeF.nB<e).
Relying heavily on .0 and 2.51.0 choose

(GeOnF)
so that

ANBEF(.GBecuvAHAY a e .GBl.ga| <.pB+.10) .
Letting

(F'=VBeF.GB)
we see

(ACVF=\BeFBC\BEFV.GA=VF A
F' € cblnsb HNcover AN F' € cuv AH A
A <> ae F|.gal
<Y BEFY ac.GBl.gal
<Y BeF(.pB+.1B)
=Y. BeF.pB+>. e F.ns
<Y BEF.pB+e).
The arbitrary nature of € completes the proof.
Part 2 (¢ € Msr S)
Proof:
Recall 2.1.0 and use parts 0 and 1.

2.56 Theorems
O(ACSeUAHCH —.mssgSH'A< .mssgSHA)
1(peMsrSAACS—.pA< . msspSHA)
2 (p € Msr A— o =msspSsb.S)
B3(ACSeUAABeH(].9g8<|.98]) = .mssgSHA < .mssg’SHA)

Lemma
257 (inf FecuvAH .gVF =inf3c V' HNspA.gph)

Lemma
258 (p=mssgSHABEHANaCBS—.pa<]|.g8])
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Theorems
259 (H=V"HANF€cblNsbHO<.gVF <Y B€F.g8)AS€UNAp=mssgSH —
NACS(.pA=inf3 € HNspA.gp))
Proof:
Clearly
AB e HO<.gb) .
Hence
(AcS—.pA=infFecuwwAH)Y e F.g8
>infFecuvAH .g V F
=infe V' HNspA.gB
infe HNspA.gB
LpA) .

AVAN|

260 HCH' AVH =S€UAp=mssgSH —
.0 ¢ =msseSH € MsrS A
1 NACS(pA=infpec V' HNspA.pB) A
2 peHul 7" V" H)
Proof:
Since
(p € Msr S)
and since
(AcS—.pA=infFecuwAH) € F|.g0|
>infFecuvAHY € F.pp
>infFecuvAH .oV F
=infBe V' HNspA.pB
> .pA),
we easily infer .0 and .1. We deduce .2 from the statement
(AcS—=VA e " V' H NspA(.pA’ = .pA))
Proof:
We can use .1 to so ascertain
(S" € sqne(TT" V" H' Nsp A)
that
Anecew(.p.8n<.pA+2n).
Let (A = An€w.Sn).
Clearly
(A c A e ﬂ-// ﬂ.// V”H’ _ ﬂ.// V//H/ A
Anew(pd <.p.5n<.pA+2n) A
A < LpA < QA A LA = pA)

2.60A (AUBCSeUnp=mssgSHANB € H(.po(48) +.0(BB) <|.98])
= Av €smsrp(.pA+ . YB < .1S))
Proof:
Suppose
(4 € smsr ) ;
so select T' that
(¢ =sctpT) .
Suppose
(Fecuv(ST)H) .
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Then
(SB € Fl.g8 > 58 € F(.0(AB) + . o(BB))
=2 BEF.p(AB)+ > B e F.o(Bp)
-p\B € F(AB) +.¢\/3 € F(BB)
G(ATVF)+.0(BVF)
.p(AST) + .p(BST)
.@(AT) + .¢(BT)) .
The arbitrary nature of F' assures us
(.pS =.p(ST)
inf FF € cuv(ST)H Y. 5 € F|.g0|
- p(AT) + .¢(BT)
WA+ YB) .

v I v

vl

261 (ACSeUnp=mssgSH A
AT € HNdmn' g« zro(.o(AT) + . o(ST~A) < |.¢T))
— A € mblyp)
Proof:
Note that
AT € H(.p(TA) + . o(S~AT) < | .gT])
and use 2.60A and 2.8.2.

262 (VHCSeUAp=mssgSHANACSA
AT € HNdmn' g —~zrg(. T = .o(TA) + .o(T~A))
— A emblyp)

263 (SeUngegaugenyy =mssgSHANA€e HANF ecuvAH(.gA<> € F.g8)—
0 (ACS—.YpA<.pA)A
1 (Aemblp A Be HnNdmn' p—.9(BA) =.p(BA)))

264 (VHCSAp=mssgSHAY EMstSAANB € H(.YB=.08)—
0 (ACS—.YpA<.pA)A
1 (Aemblp A Be Hndmn' p—.9(BA) =.p(BA)))
After checking .0 we use it in the
Proof of .1
(0 <.p(BA) — .9(BA)

< .p(BA) — .Y(BA) +.o(Br~A) — (B~A)
=.pB — .¢(BA) — .¢(B~A)

<.pB— .YB

=0)

2.65 (p=mssgSHAYp eMstSAAB € H(.YB=.p8) A HC mblpmbly—

.0 mbl' ¢ C mbl"e) A
1 mbl” ¢ € mbl” ) A
2 NBembl” (.9 =.08))

Proof:

We let

(H' = HUsngS)
and complete the proof in 5 steps.
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Step 0 (A € mbl' ¢ — A € mbl’ v))
Proof:
Choose
(A"e " V" H' NnspA)
so that
(0<.pA' = . pA < ).
Evidently
(P(A'mA) < .p(A'mA) = 0)
and
(A emblyp h A/~A emblyy A A= A'~(A'~A) € mbl A
0<.pA<.pA<ooAAcmbl'y).
The next two steps follow easily.
Step 1 (mbl’ o C mbl’ 1)
Step 2 (mbl” ¢ C mbl” v))
Step 3 (0 # A € mbl” p —.pA = .A)
Proof:
We can and do choose such an
(S € sque(H dmn’ ¢))
that
(AeVnew.Sn).
Let
(P=Anewll.Sn~\/ven.Sv))
and note that
(A=\Vn€w.PnAr An€w(.PnemblpCmbly)) .
Since 2.64.1 assures us
Anew(¢.Pn=.p.Pn)
we conclude
(A=Y new.py.Pn=>ncw.p.Pn=.pA)
Step 4 A\ B € mbl” (.8 = . 28)
Proof: Use Step 3.

2.66 (o € Msr S A H € Vfieldsbmblp A S =V H At =msspSH —

.0

SN IR R B SOJURE R

1 € Msr S A
NACS(.pA < . PA) A
NA€ H(.pA=_pA) A
¥ € Hull H A

H C mbly A

mbl’ ¢ C mbl’ p A
mbl” ¢ € mbl” ¢ A

1 € Msh)
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2.67 (p e MsrSAY=omp—
.0 ¢ eMsrS A
NACS(pA<.PpA)A
NA€mblo(.pA=_.1pA) A
1 € Hullmbly A
mbl¢ C mbly A
mbl’ ¢ = mbl’ p A
mbl” ¢ = mbl” ¢ A
1) € Msh A
(dmn’ ¢ C dmn’ ) — mbl g = mbl)))

0 NOo U W=

2.68 (p € Ms A A ¢ € smsp(A € mblomy) — A € mbl p)

2.69 Theorems
DOAFCMsrSAp=LBCSsupy € F.p8— @ € MsrS)
1 (¢ esqneMsr S A =ABC Ssupn €w..ynl—p € MsrS)

Veryify as many conclusions as you can in the following not too obvious theorem.
270 (p € Msr S A = (omp +imp)/2 —
.0 Y eMsrS A
1 (Temblph ACS— YT = .9p(TA) + .p(T~A)) A
.2 mblom ¢ C mbly A
3 (AM embl’'p\/F € cuv MsbS A\ A, B, F(.imp(AU B) = 0) = mbl¢ C mblom ¢))
Theorem 2.70.3 was discovered and first proved by Trevor J. McMinn.

We now investigate add” and some extensions of its members.
271 (F"cCcF'FcCF—F"CCF)

2.72 (gratedisH A K =dsn’ H A o, 8,€ K —
0 a~g e KA
d anpeKA
2 aUBEK)
Hint: note first that (A€ KABe€ K —+A~B€K) .

Easy now is
2.73 (grated is H — refined is H)

2.74 Theorems
.0 (add” C add’)
.1 (g € add’ gauge On H A grated is H — g € subadd”)

2.75 (g € subadd” gauge On H A gratedis H A ¢ = mrg— H C mbly)
Proof
Because of 2.61 the desired conclusion is a consequence of the statement
(A€ HAT € H—.gT > .p(TA) + .o(T~A)) .
Proof:
With the help of 2.72 we select G’ and G” that
(G e futNdsjnNsbH A VG =TAA
G" e fmtNdsjnNsb H A VG =T~A) .
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Note that

(V(G'~1) =TAANV(G"~1) =T~A A (G'~1)N (G'~1) =0)
and put

(G=(G'~1)U(G"~1)) .
Evidently

(GemtNdsinNsbhHAVG=T) .
Hence because of 2.53.2

(4T > BeG.gB

=Y 8eG@ w1.g8+> G ~1.98

YBEG ~1.pB+38€G" ~1.g9p8
o V(G'~1) + . p(VG'~1)
P(TA) + . o(T~A)) .

v Iv

2.76 (g € add” gauge On H A gratedis H A o = mr g —
.0 H Cmblp A
1 gCeeMsrVH)
Proof:
We use 2.74 in checking
.2 (g € subadd”)
We infer .0 from .2 and 2.75 and infer .1 from 2.55, 2.63, and the
Statement (A€ HAF € cuvAH —.gA <> .5 € F.gB)
Proof:
Let
(K =dmn’' H A F' =\/B € Fsng(BA))
With the help of 2.72.1 we easily check
(F"€cblsbK AF' CCFAVF =A)
Because of this and the principle of choice we so secure F” that
(F” €cblsbHAF" CCF' AVF"=A)
Next because of 2.73 we choose
(G €cbldsinsbHAG CC F"AVG=A)
We notice
(GCCF'"CCF CCFAGCCF)
and because of 2.53.1, .2, and 2.53.2 we conclude
(.gA=>B€G.g8
=> Be\pBeF(GnNsbp).gB
<> BeF> BeGnsbpB.gB
<> BEF.gB)

2.77 (g € add” gauge On H A gratedis H A o =mrg A H C mblp A
g C ¢’ € add” gauge On H' A gratedis H'
= ABeH Nmbl"o(.g'8=.05))
Proof:
Let (S = V H) and note that
(HCH ANVH=VH =Y9)
Next let (¢ =mrg’) . According to 2.76
(H Cmblgnmble’ AgC g Co¥AgCoC@ A eMstSAANBEH(YL=.00))
According to this and 2.65
(BeH nmbl" o —.g8=.¢'8=.05)
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We now look into metric constructions.
2.78 (pmetrizes S A An € w(. Fn =dmtrpn A .¢pn =mssgS.Fn) A o = msmgpH —
0 peMdpa
1 An€w(.ypn € Msr S) A
2 Anew NACS(.YA<..¥(n+1)A)A
3 p=LAAC Ssupn €w..ynAA
4 Anew NANAB(distpAB >2n—..¢yn(AUB) =..¢ynA+..ynB))
Proof:
.1 follows from 2.55
.2 is a consequence of the fact that
Anew(Fn>.F(n+1))
.3 is a consequence of 2.5.1
.4 and .0 are consequences of 0, 1, and 2 below.
Statement 0 (n € w A dist pAB > 2n—..Yyn(AUB) =..¢ynA+ ..¢YnB)
Proof:
We assume
(«.yn(AUB) < )
since otherwise the desired conclusion is obvious. Let (r > 0) and so 2.51.0 choose
(F" € cuv(AU B).Fn)

that

S-BeF .98 <..yn(AUB)+r)
Let

(F"=EB € F'(BA#£0)AF" = F'~F")
Since

(F' C .Fn = Hdmtrpn A dist pAB > 2n)
we infer with the aid of 2.50.0 that
(F"F" =0ANF'UF"=F' NACVF'ABCVF"ANF"c€cuvA.FnaF" € cuvB.Fn)

Consequently
(c-¥nA+..unB < Y B € F"|.gBl+ Y B € F"|.gf)
=2 BeF|.g8

<..Yyn(AUB)+r)
Because of the arbitrary nature of r we now know
(-.vnA+..ynB <. .Yyn(AUB) <..¢ynA+..ynB)
Statement 1 (dist pAB > 0—.p(AUB) =.pA+ .¢B)
Proof:
From Statement 0 we gather that
bign(..¢yn(AUB) =..9YnA+..ynB)
Hence because of .2 we now find
(.¢(AUB)=linn..yn(AUB)
=linn(..vnA+..¢YnB)
=linn..ynA+linn..yYnB
=.pA+.¢B)
Statement 2 (¢ € Md p)
Proof:
Because of .1 and .3 and 2.67.1 we are sure
(p € Msr S)
Statement 1 completes the proof.
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2.79 (pmetrizesS A H C H' A VH' =S A p=msmgpH — ¢ € Md pHull 17" V" H')
Proof:
We deduce our conclusion from 2.78 and the
Statement (A C S— VA € " V' H' Nsp A(.pA’ = .pA))
Proof:
Suppose
An € w(.Fn=dmtrpn A .¢pn = mss gS . Fn)
Recall 2.60.2 and choose
(8" € sqne 7" V"' H')
so that
AncewAC.SnA..¢yn.S'n=..nA)
Let
(AA=Anew.Sn)
Clearly
(A/ c ]TH ]TH v_// o = ]TH v_// H/)
Furthermore
(ACA AN A< .pA
=supn €w..yn.A
<supn €w..yn.Sn
=supn € w..ynA
=.pA)
The proof is complete.

2.80 (¢ € Mdp A S = spacep A ¢ = mss pS open p —

.0 ¢YeMdpa

1 NACS(.pA < PA) A

2 NAcopenp(.pA=.9A)A

3 NACSAr>0\VBecopenpnNspA(. 9B < .pA+r))
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Proof:
Because of 2.55
(1 € Msr S)
In view of 2.5.9 and the fact that
(S € openp)
we see .3, .1, and .2 without difficulty. To establish .0, suppose
(dist pAB = K > 0)
Let
(A" =Vz € Asrpx(K/3) A A” =intr pA’ A B’ = \/z € Bsrpz(K/3) A B” = intr pB’)
Check that
(ACcA"ABCB'"AA"B" Cc A’B' =0)
Now
(o € openpNsp(AU B) —
A C aA” € openp A
B C aB" € openp A
Loa > p(aA” UaB”)
— .p(ad”) + .p(aB")
> WA+ .¢YB)
Thus
Ao €openpnsp(AUB)(.pa > . pA+ .¢B)
Hence because of 2.59
(.¢p(AUB) =infa € openpNsp(AUB).pa > . YA+ .¢B)
Consequently
(Ww(AUB) =. YA+ .YB)
and we are sure
(1 € Md p)

Approximations

2.81 Definitions
.0 (borep = E B(p € metric A \ ¢ € Md p(8 € mblyp)))
.1 (Mh p = (Md p N Hull bore p))
.2 (Mbh p = E ¢ € Mh p(bounded p C dmn’ ¢))

2.82 Theorems
O(FeUATeToUAF =\/f € Fsng4 TS AB=Borel FAB =\ € B,TS—Borel F/ = B’)
A1 (FeUAF =V € Fsng(BA) A B=Borel F A B'=\/p € Bsng(8A) — Borel I/ = B’)
Hint: let (T'= Az € ANV Fx)

2.83 Theorems
.0 (¢ € Md p— borep C mbly)
.1 (¢ € Mh p— ¢ € Msh)
.2 (p € metric — Borel closed p C bore p € Vfield)
3(peMhpn A€ borep—sctpA e Mhp)

2.84 Lemmas

OACSANA =S~ANA CBCSANB =5~B—B' C AN A~B' = B~A')
JACSANA =8S~ANCCANC =5~C—-ACC' ANC'~A=A~C)
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2.85 Theorems
0 (H € Vfield A p e HullH A A € mbl' ¢ - \/K € HNsp A(A~K € zr ¢))
Hint: let
(SeHNSpAA.oS=.pANA' =S~AANB €ehullpA'NHAK =S5~B')
and use 2.84.0
1 (H € Viield A p e HuUllH A A € mbl' ¢ -+ \/K € HNsb A(A~K € zr ¢))

Theorems
2.86 (0 € Mdp A A€ borepA ACa€openpdmn’ pAr>0—\/B €openpnspA(.p(B~A) <))
Proof: lineb Let
(S = space p A ) = mss S open p) .
Note that
(\pA < 0)
and use 2.80.3 to secure such a
(B € openpnspA)
that
(B < . YA+7r).
Because of 2.80.0 and 2.81.0 we now know
(A € mbl’+)
and hence because of 2.80.1
p(B~A) < p(B~A) = B — WA < 7).

2.87 (p € MhpA AC acopenpdmn’ o Ar>0-—\/B€openpnspA(.pB < .pA+7))

2.88 (p € Mdp A A€ borepndmn’ ¢ Ar>0-—\/C € closed pNsb A(.p(A~C) < 1))
Proof:
Let
(S =spacep A A’ = S~A A1) =sctpA)
We know from 2.46
(v € Md p)
Moreover, since
(.S = .pA < 0)
we can use 2.86 to secure such a
(B € openpnsb A’)

that

(-(B~A) <)
Letting

(C=S~B)

we see with the help of 2.84.0 that
(C eclosedpnsb A A .p(A~C) = . Y(A~C) = .p(B~A") <)

2.89 (p € Mhp A A€ mbl” p—\/K € borepnsb A(A~K € zr¢))
Proof:
Let
(H' = bore p)
and use 2.83.2 and 2.85.1.

2.90 (p € MhpAa Aembl'oAr>0—\/C € closedpNsbA(.p(A~C) < 7))
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291 (p e MbhpAa Aembloar>0
—\/C € closedpnNsb A\/B € openp Nsp A(. p(A~C) <71 A .@(B~A) <))

2.92 (¢ € Mbhp A A € mblp
— VK € V' closedpnsb A\/L € 17" open p Nsp A(A~K U L~A € zr ¢))

The Lebesgue Decomposition

2.93 Definitions
.0 (conservative H = E v € Ms(H C zrv))
.1 (singular H = E 60 € Ms(H C dmnf A \/z € H(0 = sct0z)))
2 (cnstpH = LA € dmnyinfa € H.p(A~a))
3 (sngroH = LA e dmnpsupa € H.p(Aa))

2.94 Theorems
O(peMsrSAO#AHAY =cnstoH A0 =sngroHANACS
—dmny =dmnf =dmnp A 0 < . YA< . pAN0 <. A <. AN A< YA+ .0A)
.1 (¢ € Msr S Nconservative H A0 # H Ay =cust oH A0 =cnst oH — .05 =0A o =)
2 ((p € MsrSNsingular HA0# HAYp =custroH AO =cnstoH —.0S =0A p =0)
3 (¢ € Msr S A € conservative H N Msr S A € € singular H N Msr S A p =1 + 6
— ' =cnsrpH A0 = sngrpH)
4 (peMsrSAV"H=HCmblp At =cnstpH A0 = sngroH
— 1) € conservative N Msr S A 6 € Msr S A ¢ =1+ 6 A mblp = mbly mbl )
S (@eMsrSAV'H=HCmblpAzz2 € HAz~z €zrp A
1 = cusr oH = sct p~z A 0 = sngroH = sct pz
—1p =sctp~z' A O =sct )

Theorem
295 (peMstrSAV'H=HCmblpArSe€mbl” oAt =cnsrpH A0 =sngroH —
.0 % € conservative H N Msr S A 6 € singular " Msr S A
.1 mblp = mbl¢yp = mblo A
2 o=9Y+0A
3 \z e H(yp =scto~z A0 =sctpz))

In connection with 2.95 we should like to point out that
(o, 1, € Ms A H =mblpzru— V' H = H C mblyp)

Lebesgue Measure
2.96 Definitions
.0 (Diam A = diamrf A)

.1 (£ = msm £ 8 Diam S rf open rf)
.2 (Lebesguemeasure = [)
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2.97 Lemmas
.0 (p € metric A A C spacep A > 0—\/B € open pNsp A(diam pB < diam pA + 1))
1(AcrfAar>0—YVB eopenrfNsp A(Diam B < Diam A + r))
2(0#AcCrf—DiamA=SupA— Inf A)
3(aerfapCrirz,y € fra<z<y—y—z+Diam(fntaxr) < Diam(Sntay))
As a matter of fact equality holds in .3.

Theorem
298 (—co<a<b<ooAF €cuvntabopenrf -b—a <3 S € FDiampj)
Proof:
Let
(C=Ez>a(r—a<} pe€ FDiam(fNntax)))
and let
(E=SupC)
A moment’s thought convinces us the desired conclusion is a consequence of the
Statement. \/z € C(b < x)
Proof: (by contradiction)
Suppose
~\zeCb<x)
and note that
(ANzeC(x<b)nE<Db)
However since obviously (a € C') we now know
(a<E<D).
In as much as
(F € coverntab)
we can and so so select (By € F') that
(E € Bo) -
Since
(8 € opentf)
we next choose (g, yo) so that
.0 (37065000/\E<y0650) .
Clearly
(ro<E<yrha<zy<y).
Letting
(F" = F~sng )
and using .0 and 2.97.3 we infer
(3> 8 € F Diam(Bnt ayy)
= Diam(Byontayo) + Y 8 € F’' Diam(B nt ayo)
> yo — xo + Diam(By nt ayp) + > B € F’ Diam(f nt ax)
= (yo — o) + . B € F Diam(fBnt az)
> (Yo — o) + (w0 — a)
=yo —a)
Accordingly
(yo € CAyo < E)
in contradiction to .0.
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2.99 Lemmas
.0 (£ € Mhrf)
dI(—o<a<b<oo—ob—a<.Lutad)
2(—o<a<b<oo—.Lntab<b—a)

2.100 Theorems
.0 (£ € Mbhrf A Aa,b, € rf(.Lntab = |a — b))
1 (peMhrfaAa,berf(.pntab=|b—a|]) < o =L)
.2 (£ = mss £ f Diam f rf open rf)
3 (£ = mr £ 8 Diam 3)

In checking .1 it helps to be aware of the structure of sets in rf .
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Chapter 3: Integration

3.0 Definitions
O (m=\pew\Vqgew~1sngp/q)
.1 (boel = E 8 C rl(Brf € borerf))
.2 (boelian = E f € UponrlNTorl A X € rl(E z(. fx > ) € boel))

3.1 Definitions
0 (ruGzuz = (G € Viield A Az € V Grilux))
1 (uuGrux = (ruGrux A AXETI(Ez € VG(ur > N) € G)))
2\ G=EfeUponvVGNTorluuGz. fx)
The members of ff mbl ¢ are frequently known as ¢-measurable functions.
3 (nihlG =E B(sbB C G))
4 (most Gzuzr = (G € Viield A VG~ E zuz € nihl G))
5 (+G = (HGNgaugeNOn V G))
In connection with .3 it is of some interest that
(G € Vfield = V"’ nihl G = nihl G)
and that
(A C B € nihlG— A € nihlG)

3.2 Definitions
0 (Almypx € Auz = (¢ € Ms A Arlm p~E zuz € zr¢))
.1 (Alm pzuz = Alm gz € rlm puz)

3.3 Definitions
.0 (raily = (psy — ngy))
1 (massable prur = (uumbl pz railur A Alm pzrilux))
2 (massile pzur = (massable pzuz A E x € rlm p(ur # 0) € mbl” p))
3 (massile+ prur = (massile pzuz A Alm pz(uz > 0)))

Function Structure

Lemma
3.4 (ru Gzuzx A ru Geve A most Gruz(uz = vz) A uu Grur — uu Grve)
Proof:
Let
(A=Exz € VGur =vz) A B=setofr € V G(ux # ux))
Clearly
(ANe(Ba e G)ABeGAA=VG~Be€Qq)
and hence
(AN erl—

Exe VGz > )\)
=fEzcAlvx > AN UEz € Blvz > )
=EzxzecA(uzx > A\)UExz € B(vz > \)
€qG)

—uuGryr)
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We now have at once
Theorem
3.5 (ru Gzux A ru Gzyve A most Gz (ux = ve) = uu Gruz + uu Gave)

3.6 Lemma,

AerlaAD=EzeSurer)ANACEyly> \)ABCEyly<A)AlInfA=X=SupB—
0 EzxzeSur>N)=\Vye AEz e Slur > y) A

1 ExzeSur <) =D~EzeSur>MN)A

2 EzeSur<A)=VyeBEze Sur<y)a

B3 ExeSur>))=D~Exe Slur < \))

Lemma
37MNerlnA=Eyem(y>MAB=Eyem(y<)
—AeccblABechlAACEyly> A ABCEyly<A)AlnfA=X=SupB)

Lemma
3.8 (wuGrur —Ez € VG(ux €1l) € G)
Proof:
(EzevGuzrerl)=FEz € VG(ur > — ) € G)

Theorem
39(S=VGAD=EzeSuxerl)aDeGnAruGrur —
.0 uwuGaur <
AXerl(Ex € S(ur < A)
AAerl(Exz € S(ux > \)
AXerl(Exz € S(ux > N)
AXerl(Exz € S(ux <))
AXerf(Exz e S(u )
AXerf(Exz e S(u )
Arerf(Ezx e S(ux > A)
AXerf(Ex € S(ux < \)
Proof:
Obviously .0 is equivalent to .2. That .2 implies .3 is a consequence of 3.7 and 3.6.0.
That .3 implies .4 is a consequence of 3.6.1. That .4 implies .5 is a consequence of 3.7 and 3.6.2.
That .5 implies .6 is a consequence of 3.6.3. That .6 implies .7 is a consequence of 3.7 and 3.6.0.
That .7 implies .8 is a consequence of 3.6.1. That .8 implies .1 is a consequence of 3.7 and 3.6.2.
That .1 implies .2 is a consequence of 3.6.3.

[N =N BN NR JCR R

Theorem

310 (S=VGAaruGrur AEz(ur =00) e GAEz(ur = —00) € G A
Arerf(Exze SA<zerf) €eqG)
—uu Grux)
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Theorem

3.11 (uu Gzuzr —
.0 uwuGxz —ux A
1 uuGzluz| A
.2 uuGxpsur A
3 uuGzngur)

Lemma
3.12 (wuGzuz A 0 # ¢ € rf 5 uuGz(c - ux))

Theorem
3.13 (G € Vfield A ril ¢ — uu Gxce)

Theorem
3.14 (uu Gruzx A uu Gezve — uwu Gz (ux + vr))
Proof:
Let
(S=VGAD=FEzeSux+vzxerl)
That
(De@)

follows from
(D=Ez(lur >—oc0oAyzr >—00)V (ur < 00 A vz < 00)))

Now check that
Aerf—=EzeSur+vz>A)=VremEzeSur >rave >A—r) €q)

Lemma
3.15 (uu Grur — uu Gz (uz - ux))
Proof:
Let
(S=VGAD=Exe Sz erl))
(A<0—=EzeSur-ur>X\)=DeG)A
A>0—-Exe Sux-ur >\
=Ez e SN D(Juz|- |uz| > N)
=Ez e SND(juz| > /) € G))

Theorem
3.16 (uu Gruz A uu Geve — uuGz(ur - va))
Proof:
Let (S=VG).
(Ex € S(uzr - ve = o0)
=fEzeS((ur=corvx>0)V (ur=—c0oAve <0)V
(ur >0Avr=00)V (ur <0AvE =—00)) € Q)

Similarly we see

(Ez € S(ur - vz = —0) € G)
Now assume

Aa(wa = ((uz +va) /2)2 — *((uz — va)/2)2)
and use 3.14, 3.12, and 3.15 in checking

uuGawzr .
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Now clearly
Aerf—wEze S\ <uzx-vzerf)
=FExeS(A<wzerf) €G)
Invocation of 3.10 completes the proof.

Theorem

3.17 (wu Gzuz A uvu Gryve — uu Gz(uz @ va))
Proof:
Let (S=VG).

A>0—->ExeSurevr>A)=Fxze Sur-ve > \))
A<O0—-ExeSurevr>A)=Fze Sur-vx >Avur=0vvze=0))

3.18 Theorems
0 (G e Viield >uuGrCrzA < AVG € G)
1 (wumblpz CrzA < Arlm ¢ € mbl p)

3.19 Theorems
.0 (rile A uu Gruzr — wu Gz(c - ux))
1 (rile A uu Gruz — uwu Gz (c o ux))

3.20 Theorems
.0 (¢ € Ms — zr ¢ C nihlmbl ¢)
.1 (Alm pzur — most mbl pzuz)
2 (p € Ms A Az € rlm puz — Alm pzuz)
3 (Alm pzur A Alm pzyve <> Alm pz(uz A ve))
A (K ecblapeMs— An e K Almopzu'zn + Almpz An € Ku'zn)
5 (An € wAlmepzu'zn < Almpz An € wu'zn)
.6 (bign Alm pzu’zn — Alm oz bignu'azn)

Theorems
3.21 (rumblpzux <> ¢ € Ms A A z € rlm pril uz)

3.22 (rumbl pzuz A rumbl pzva A Alm pz(ur = va) — uumbl parux < uumbl prve)

3.23 (Ae€openrf A B=rf~A— A=\/r e rmEt(Sup(Bnt —oor) <t < Inf(Bntroo)))

324 (feffGAAcopentf -*fA € G)

3.25 (p € metric A f € Uponrlmp A A B € open p(*f5 € mbly) — A 8 € bore p(*f5 € mbly))
Proof:

Let
(S=rlmy A R=spacep A S'=*fR)
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Clearly
.0 (S € mbly)
Suppose

(¢/ € smssct S A =AB C R."*f)
After checking that

(¢ € Msr R)
we proceed to show

(¥ € Mdp) .

(TCRABEOpenp—*ff € mbly C mbly —

A(TB) + . (T~B)
=.¢"*f(TB) +.¢*f(T~P)

P KSTHfB) + ' (FfT~*fB)
LR fT
T

Consequently
(open p C mbl)
and according to 2.48 it follows that
(v € Mdp) .
Next because of 2.81.0 and 2.81.1
(8 € borep— € mbly —
(.¢'S
=, QD/S,
=.YR
B+ Y(R~B)
SPRfB A+ (S~ fB)
=.¢"*fB = .9 (S~*fB))
Thus because of the arbitrary nature of ¢’ we can now infer with the help of .0 and 2.11.1 that
(B € borep
—*f83 € mblsct pS’
—*fB=*fB8S" € mbly
—*f8 € mbly)

From 3.24 and 3.25 we deduce
3.26 (f € ffmbly— A B € borerf(*f5 € mblyp))

Lemma
327 (feffmblp Ay erl—*f(Bsngy) € mblyp)

Theorems
3.28 (f € fmbley — A B € boel(*f5 € mbly))
Proof:
Recalling 3.0.1 and using 3.26 and 3.27 we infer
(8 € boel —
*fB
=*f(BrfUBsngoo U Bsng — o)
=*f(Brf) U*f(Bsngoo) U*f(Bsng— o)
€ mbl p)
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3.29 (boel € Vfield)

3.30 (f € boelian — A 8 € boel(*f S € boel))
Proof:
Let
(9 =Kz erf. fx)
and note that
0 Aa(*ga =rf*fa)
and that
Aerl—=Ezerf(.gr > \) =Ex erf(. fx > \) € borerf)
Hence
(AerlapeMdrf -Ex €rf(.gx > A) € mbly)
(p € Mdrf — g € ffmbly)
Because of 3.28 we now infer with the help of .0 that
(¢ € Mdrf A 8 € boel = *¢8 € mbl )
and
(8 € boel = *¢8 € borerf)
and
(8 € boel = *f 3 € boel)

3.31 (f € boelian A g € fmbly — f : g € ff mbly)

Proof:
AerlaB=Ex(.fx > X)

— 8 € boel

—*gB € mbly

—Et(.(f:9)t = \) =*gB € mbly)
Accordingly

(f g effmbly)

3.32 (f € boelian A g € boelian — f : g € boelian)

3.33 (f € TorlAdmn f € boel A A=rfdmn f A p=Lx,y,€ Alx — y| A
g=Ax € A.fx A g € Continuous p rf
— f € boelian)
Hint: (C € closed p <+ C = Aclsrrf C)

3.34 (G € Vfield A K € chlA An € KuuGau'zn —uuGrinfn € Ku'zn)
Proof:
Let
(S=vGaG).
We have
Aerl—
Ex € S(infn € Ku'zn > \)
=EzeSAne K(uzn>X)
=SAne KEx(@zn > \)
€qG)
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3.35 (G € Vfield A K € cbl A An € KuuGau'zn —uuGrsupn € Ku'zn)
Proof:
(supn € Ku'zn = —infn € K —u'zn)

3.36 (An € wuuGru'zn — uu Gz lin nu'zn)
Proof:
Note that
(Ez(linnu'an > A) =\/N € wEz(A <supm € w Ninfn € w - mu'zn))

3.37 (A n € wuuGzu'zn — uu Gz lin nu'zn)

3.38 (An € wuuGzu'zn — uu Gz linnu'zn)
Proof:
(A €1l = E z(linnu'zn > \) = E 2(linnu’zn > )~ E z(linnu'zn — linnu'zn > 0))

3.39 (G e Vfield A K € cblA An € KuuGzu'an —uuGz > n € Ku'zn)

340 (p e Mdp A Aemblpap = Lx,y,€ A.p(x,y) A f € Continuous p' tf — f € ff mblp)
Proof:
After checking that
(C € closed p' +» C' = Aclsr pC)
we see that
(Aerl—=Ex(. fx > A) € closed p’ C mbly)

3.41 Theorems
.0 (raily = psy — ngy)
.1 (Alm pz(ur = va) — massable pzuz <> massable pzvz)
.2 (massable pzux A massable prve —
massable px(ux + vz) A
massable pz(uz - va) A
massable pz(uz e vz))
3 (p € Ms A ril c — massable pxc)
4 (ril ¢ A massable pcuz — massable pz(c - ux) A massable pz(c e uz))
.5 (massable prur — massable px ps uz A massable oz ng ur A massable pz|uz|)
6 (massable px CrzA <> Arlm ¢ € mblyp)
7 (p € Ms A K € cbl A An € K massable pzu’zn —
massable px infn € Ku'an A
massable oz supn € Kupzn A
massable px > " n € Ku'zn)
.8 (An € wmassable pzu'zn —
massable @z lin nu’xn A
massable oz lin nu'zn A
massable ¢z lin nu'zn)
.9 (uumbl prur — massable prux)
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3.42 Theorems
.1 (Alm g2 (ux = v) — massile pruz <> massile prvz)
2 (massable prux A massile prve — massile pz(uz o va))
3 (ril ¢ A massile prux — massile pz:(c ® ux))
A4 (c € rf A massile prux — massile pz(c - ux))
5 (massile pruz — massile px ps uz A massile px ng ux A massile px|ux|)
6 (massile pzur A massile prve —
massile pz(uz + vz) A
massile pz(uz - ve) A
massile pz(uz e va))
.7 (massable pzuz A rlm ¢ € mbl” ¢ — massile pzuz)
.8 (massile pz CrzA <+ Arlm ¢ € mbl” )
.9 (massile prur A A € mbl v — massile px(uz @ CrzA) A massile pz(ux - CrzA))
.10 (massable pzux A massile pzve A Alm gz (|Juz| < |vz|) — massile pzuz)
11 (0 # K € cbl A An € K massile pzu’an —
massile gz infn € Ku'zn A
massile pzsupn € Ku'zn)
Hint: (railinfn € Ku'an = infn € K railu’an)
12 (¢ € Ms A K € cbl A An € K massile pzu’zn — massilepx Y n € Ku'zn)
13 (A n € wmassile pru’zn — massile g lin nu’zn A massile g lin nu’zn A massile g lin nu’zn)
14 (Alm pz(ux = vr) — massile pruz <> massile prvr)
15 (massable pzuxr A Alm pz(uz > 0) A massile+ pzve — massile+ pz(uz + va))
.16 (rilp ¢ A massile+ prur — massile+ pz(c o uz))
17 (0 < ¢ < 0o A massile+ prur — massile+ pz(c - ux))
18 (massile+ pzux A massile+ pryve — massile+ pz(uz + va) A massile+ pz(ux o vz))
19 (0 # K € cbl A An € K massile+ pzu'zn —
massile+ gz infn € Ku'an A
massile+ px supn € Ku'zn)
20 (¢ € Ms A K € cbl A An € K massile+ pzu’'an — massile+ gz > n € Ku'zn)
21 (A n € wmassile+ pru’rn — massile+ @z lin nu’'zn A massile+ @ lin nu’zn)

Schemes of Subdivision

3.43 Definitions
.0 (sng’ z = (~1sngx))
1(DnD)=Vae D\ € D'sng'(anda’))
.2 (scheme p = E D € dsjnNcuvrlm p(~1mbly)(p € Ms))
It may be helpful to recall that

(~ = Ea(z #0))
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3.44 Theorems
0(DNnD' =D'NnD cC ~1)

1(Dn(D'nD")=(DnD)nD")
(DN(D'UuD”y=(DNnD"Yu(DnD"))
(V(DND') = vDNSID)
(D)cc D—D' =Vae DD sba))
(DPccD—-vVvVD CcvVD)
(DNnD'cc DaDNnD' cc D)
(D edsjn A D' € dsjn— DN D' € dsjn)
(DedsinaD'cCDAaeDAd €D Aad #0—d C a)
(aB=0—sbasbg=1)
10 (a8 =0—~1sbasbp =0)

1(DedsinaD C~lraaeDABeEDANa#L—D sbanD'shf =0)
2(a¢eDedsjnan D' cCc D— vV(D'sba)=VD'a)
3(aeDedsinaD' cCDAVD =VD—V(D'sba)=a)

4 (D € scheme p A D’ € scheme p — DN D’ € scheme )

A Preliminary Integral

With Riemann sums in mind we make
Definition

3.45 (rsum f€p => . F € dmné(. f.£S e .pp))

Definition
3.46 (selector =F £ € ToUA B € dmné(.£8 € B))

Definition
3.47 (Mode ¢ = E D, &(D € scheme ¢ A £ € selector A dmn & € scheme ¢ A dmné CC D))

3.48 Definitions
0 (if(p} = Im & Mode @ rsum f€p)
([ fe} =Im¢Mode prsum fEp)
2 ([ fe} =lm&Mode prsum fEp)

Definition
349 (J#uzpda = f Lzuze})

Definition
3.50 (ladder fA = (sng’Exz(.fr=0)UVn e wsng Ez("An <.fz < An+1))Usng'Ez(. fz = 0)))

The central integral in 3.49 is preliminary. A theory more attractive in a number of respects emerges if
the integral in 3.49 is narrowed somewhat in the infinite cases. This will be done in 3.68.

Theorem

3.51 (¢ € Ms — dmn Mode ¢ = scheme ¢ A runis Mode ¢)
Notice that the principle of choice is involved.
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3.52 Lemmas

0 (fedmné o el .84 U)

1 (g=Ax.fr—=dmng=dmnf A.gz =.fx)
(f = AKzux A g = Lave Aux =ve — . fr = .gx)
(f=Azur > Az € U(.fr € A+ ux € A))
(f = AKzux A g= Lave A h = Lz(ux + va) = . ha = . fo + .gx)
(f=AKzux Ag=Lz(c-ux)—.gzr=c-. fx)

Theorem

3.53 (J# . froda = ffp})

Theorem
3.54 (Almz(. fx = .gz) = ffo} = fgp})
Proof:
Let
(M =Modeph A=Ex erlmp(.fr =.9g2) A B=FEz €rlmp(. fx #.91))
We know of course that

(.¢B=0)
Now let

(D =sng’ AUsng’ B) .
Note that

(D € scheme @)
and that

(evsMDA S e€dmng
—-BCAVBCB
—.f.EBe.pB=.9. 8 e.pp) .

Thus
(EevsMD—
rsum f&p
— Y. Bedmné(.f.EBe.08)
=Y. fedmn(.g.£8e.pp)
= rsum g&yp) .
Accordingly,

(ffe} = foe}) .

We now have almost at once
Theorem
3.55 (Alm gz (ur = va) = [#urpde = [#vrpde)

3.56 Theorems
0 (J = [#urpda+ [#vrodr erl—J = [# (ur +vz)pdz)
10#cerf—c [#urpde = [# (c-uz)pde)
(p € Ms— [#0pdz =0)
(peMsrS— [#lode =.¢S)
(Aembleo— [# CrzApdz =.pA)
(peMsAKemtnJ=>YneK [#uznpdzerl—J= [# > ne Kuznpdz)
(Alm pz(uz > 0) = [#uzp daz- < 0)
(Alm pz(ur < vz) — [#vapdr- < [#urpdz)

65



Theorem
3.57 (J#urpda € 11— Alm pz(uzx € 11))
Proof:
Let
(M =ModepAS=rlmpA A=FEz € Sux w~er1l) A f = Lzux)
and notice that
Nz e A(. fe ~erl).
Now we choose
(D € scheme )
that
ANEevsMD(> B edmné(.f.E8e.p8) €1l)
and let
(D'=EB € D(BA#0))
and so choose
(&' € On D selector)
that
AB € D/(.E8 e BA) .
Since evidently
(>CBeD(.f.gBe.pp) el
we are sure
ANBeD(.f.&Be.pBerln.f.¢Bwerln.pf=0).
Consequently
(ACVD A0OL.pA< .o VD =0AAlmpz(uzr €1l)) .

Replacing ‘rl’ by ‘rf’ in the above argument yields
Theorem
3.58 (J#urpdx € rf — Alm pz(ux € 1f))

Lemma
3.59 (f e ffl+mblo A1 < X < co— ladder fA € scheme o)

Lemma
3.60 (feff+mblpal <A <ooAM=Modep A D =ladder fAAE EvsMD A
G=Lainfxea.fraS=> acD(.Gae.pa)
—=0< S <rsum fép < A-S9)
Proof:
Let
(D' =dmn¢)
and check first that
(reaeD—.Ga<.fe <\ .Ga).
Since
(D' € schemep A D' CC D)
we may now use 3.44.13, 1.24.3, 3.44.11, 1.39, and 3.44.4 in checking

66



0<s

=> aeD(.Gae.pa)
=Y aeD(.Gae.p V(D sba))
=>aeD(.Gaed fe D Nsba.ys)
=Y aeD> e D nsba(.Gae.ps)
=>aeD> feD nsbal.f.E0e.00)
=Y BeVae DD Nsba)(.f.£0e.¢Ph)
— S BeED(f.EBe.0B)
= rsum f&p
=Y aeDY peDnsbal.f.E0e.05)
<> aeD> peD nNsbal((A-.Ga)e.pp)
=A->aeD) feD nsbal.Gae.pf)
=X-5)

The proof is complete.

From 3.60 we easily infer
Lemma

361 (feff+mblpal <A <ooAD=ladder fANG = Aainfrea.frrnS=> acD(.Gae.pa)
—0< [fey <A-S<A-[fe})

We now see at once
Theorem
3.62 (f € fi+mblo—0 < [# fo})

Theorem
3.63 (massable pzuz A Alm pz(uz > 0) -0 < [#uzpdz)
Proof:
Let
(f =Azerlmppsur) .
Note that
(Almpz(. fz =uz) A f € fi+mblo A [#urpdz = [# . frpdz = ffp} >0)

Lemma
3.64 (massable pzux A [# uzp dz < oo — [# psuzp dz < oo)
Proof:
Let
(S=rlmpA f=Lx € Sur AP =LxeSps. fr)
and note that
(P € ff4 mbl )

and
OAz(.fr=ux A.Px=ps.fr=psux) .
Consequently
(ffe}t = [# . fapdr = [#urpde < oo A [# psuzp dz = fPp}) .
Let

(D =ladder P2 A M = Mode p)
and so determine

(£ e vsMD)
that

10 edmné(.f.E0e0.9B) < 0) .
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Next let
(G=Aainfrea.PraJ=> aeD(.Gae.pa)) .
Now from 3.60, .0, 1.22.13, .1, and 1.2.6 we see that
o0<J
<Y 8 edmg(.P.cBe.of)
— Y Bedmné(ps.f.EBe.P)
=Y. Bedmnips(.f.{fe.pb)
< 00) .
Consequently we know
(J < 0)
and from .0, 3.62, and 3.61 we conclude -
(J# psuzrpda = [# .Prpda = fPp} = [Py} <2-J < 0) .

Theorem
3.65 (massable prur — [#urede = [# psurpdr — [# nguzpdz)

Lemma
3.66 (AcmbloAayecrlaPesqneff+mblo a Az e A(linn .. Pnx > y)
—linn [# (..PnzeCrzA)pda > ye.pA)
Proof:
Since the desired conclusion is evident in the event
(y <0)
we assume
(y>0).
Let
(S=AnewAvew-nEzeA(..Pnz > ))) .
Since
(SesquncCmblprn A=\new.Snna
AnewAzerlmp(..PnzeCrzA > XeCrx.Sn))
we infer
(linn [# (..Pnz e CrzA)pdx
>linn [#(..PnzeCrz.Sn)pdx
>linn [# (AeCrz.Sn)pdx)
=linn(Ae [# Crz.Snpdzx)
=linn(Ae.p.Sn)
=)le.pA)
The arbitrary nature of A assures the desired conclusion.

Theorem
3.67 (P € squeffi+mbly —linn [# .. Pnzpda > [# linn..Pnaxe dz)
Proof:
Let
(= Az erlmplinn..Pnx)
and note
(€ eff+mblo A Az €rlmep(.&x =linn..Pnx)) .
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Next let
(I<A<ooAaD=ladderéA A G = Lainfz € a.&x)
and use 3.66 in checking
(H € fatsb D —
0<>Y aeHCrza<1lAa
linn [# ..Pnzoda
>linn [#(..Pnze) a€ HCrza
=linn [# Y a€ H(..Pnz e Crza
=linnd o€ H [#(..PnzeCrza
>> acHlinn [#(..Pnz e Crza
>> a€ H(.Gae.pa))

pdzx
pdzx
pdzx
pdx

~— — — —

3.68 Definitions
0 ([ uzp dz = (massile prur — [# uzp dz))
1 ([Ajuzpdar = [(CrzAeuzr)pdz)

3.69 Theorems
.0 (massile pruzr — [urpdz = [#urpdz)
1 ([ uzp dz € rl — massile pzuz)
2 (Juzpdz erl < [urpdaz # U)

We now state without proof and shall not use:
Theorem
3.70 (Jurpdx €rf — [upda = [#urpdz)

3.71 Theorems
0 (Alm pz(ur = va) = [urpdr = [vapdz)
1 (fuzpdz € 11— Alm pz(ur = railuz € rl))
(Jurpdx € rf — Alm pz(uzx € 1f))
(J = [uzpdz + [vapdr erl—J = [(uz + vz)p da)
(0#cerf—c: [urpdr = [(c-ur)pda)
(p € Ms— [0pda =0)
(peMsAcerf—ce [urpdar = [(ceux)pdx)
(Acrimp— [CrzApdr =.pA <+ Aembl” )
(peMsAKemtanJ=>nekK [venpdzerl—J= [ ne Kuznpdz)
(Alm gz(uz > 0) — [urp dazw < 0)
Alm gz (uz < vz) — [vapdrw < [uzpdz)
massile+ pauz < [uzre dz > 0 A Alm pz(uz > 0))
Jurpdz = [psurpdae — [nguredz)
massile pruz — | [uzp dz| < [ Juz|p dz)

10
A1
A2
A3
14
15
.16
A7

Alm pz(uz = 0) +» [ Juzjpda = 0)
Alm pz(0 <uzr <vz) A [vepdz =0— [uzpda =0)
massile+ pzuzr A c €1l— [(c-uz)pdz =c- [urpdz)

N N N N N N N

Fatou’s Lemma
3.72 (big n massile+ pzu'zn —linn [ W'znp dz > [linnu'zne dz)
Proof:
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Let
(P =An€wlzx €rlmep(psu’zn A massile+ pu'zn))
and check that
(P € sqne ff+mbl p A bign Alm (.. Pnz = u'zn) A
Alm pz(linn..Pnu'zn = linnu'zn)) .
With the help of 3.67 and 3.42.1 we now conclude
(linn [wznede
=linn [..Pnzpdx
=linn [# ..Pnzpdx
> [# linn..Pnxpdz
= [lin..Pnzpdx
= [linnu'zne dz)

Lebesgue’s Theorem
3.73 (bign massile+ ¢z .. fnx A bign Alm pz(.. fnz <..f(n+ 1)x)
—0<linn [..fnzpdz = [linn.. fnzpdz)

Theorem
3.74 (p € Ms A K € cbl A An € K massile+ gzu'an— [ Y. n € Kuznpdz =3 n € K [uanpdz)

3.75 Theorems
0 (peMsAK €cbla An € Kmassilepzu'zn A > n € K [psu'znpdr < co
= [>neKuznpdr=>neK [vrnpdr < co)
1 (peMsAK €cbla An € Kmassilepzu'zn A > n € K [ngu'znpdr < 0o
——o0< [YneKurnpdr=>) neK [vznpdx)

Theorem
3.76 (¢ € Ms A K € cbl A An € K massile pzu’an A Y [ |u'zn|p dz < oo
= [>ne Kuznpdr=>neK [vrnpdz € rf)

3.77 Theorems
.0 (— oo < [uze dz A bignmassile pzu’zn A bign Alm @z (ur < u'zn)
—linn [wznpdz > [linnu'znpdz > — co)
1 (fuzp dz < 0o A bignmassile pzu’zn A bign Alm gz (uz < u'zn)
—linn [Wanpdz < [linnn'znp dr < o)

Theorem
3.78 (J urp dz < oo A big n massile pzu’zn A bign Alm gz (|u’zn| < uz) A Alm pz(lin nu'zn € rl)
—linn [ |w'an — linnu'zn|p dz = 0)

Theorem
379 (peMsAACrimp— [A;lpda = .pA « A €mbl” o)

Theorem
3.80 (furpdz erfarerfp—\derfp\Aecmblp(.pAd <d— [ A;uz|pdz < 7))
Proof:
Suppose
(S=rlmpArB=AncwEze S(lur| <n)A
f=Anewfz € S(jur|eCrz.Bn+neCrxz~.Bn))
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Now
(Az e S(linn..fnx <|ux|) A
AnewAzeS0<.. fnx <|ux|) A
AnewAzeSO<..fnx<n)A

AnewAz e S0 < |lux| — .. fnz))
After 3.78 verifying
(linn [(juz] — .. fnz)pda =0)
we so select
(N € w~l)
that
(J(lue| — .. [N2)pda < r/2)
and take
(6=r/(2-N)).
We now see
(f A; Juzlp da
= [(luz| e CrzA)pdx
= [((Juz| — ..fNz +..fNz) e CrzA)pdx
= [((Juz| — ..fNz) e CrzA)pda+ [(.. Nz eCrzA)pdx
< [(Juz| — .. fNz)pdz + [(N - CrzA)pdx
<r/2+ Ne [CrzApdx
=7r/2+ Ne.pA
<r/2+Nej
<r/2+471/2

r)
Measure and Mean Convergence

3.81 Definitions
.0 (measure >p =E f € squc Upontlmp Ar € rfp\/N € w
Am,n,e waN(.p € Ms A .o(tlmp~E z(].. fmz — .. fnz| <r)) <r))
.1 (mean > ¢ =E f € squcUponrlmp Ar € tfp\/N € w
Am,n, e w~N([]..fmz — .. fnz|lpdz <r))

Note that
(f € measure > p Umean > p — ¢ € Ms) .

Theorem
3.82 (f € measure > ¢ — \/g € sbanc f Alm pz(linn..gnz € rf))
Proof:
Let
(S =rlmyp)
and so choose
(N € ndx)
that
AmAnAv(Nv<mecewr.Nv<new—=.p(S~Ez(..fmx — ..fnz| <2v)) <2v)).
Let
(g=F:N).
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Suppose

OD(A=AvewEx(..gv+1)z— ..gvz| <2v))

and check that

I Avew(p(S~.Av) <2v).

Letting

20C=VpewAvewwpu.Av)
we observe the desired conclusion is an immediate consequence of Steps 1 and 2 below.

Step 0

(xeCAr>0-\VNecwAmn,eww N(..gmax — ..gnz| <))

Proof:

Refer to .2 and so select

(1 €w)

that

(reN\vewwnpu. Av) .

So choose

(N e w)

that

(N>pun2(N—2)<r).
Use .0 in checking
(myn,Ew -~ N
—wrzeANvewpu AvC A\vew-~N.Av

—|oogmz — ..gnz| < |..gmx — ..gNz|+]|..gnx — ..gNz|
<YwvemwN|..gv+1l)z— ..gvz|+ > ven-N|..glv+ 1)z — ..gvz|
<2->vewwN|..glv+1)— ..gvz|
<2-vew-N2v
=2(N —2)
<r)

Step 1

(r € C—=linn..gnz € 1f)

Proof:

Use Step 0 and the fact that
(rf € Completerf) .

Step 2

(-p(S~C) =0)

Proof:

Using .2 and .1 we infer

(n€ew

—S~C=Apew\vewanpu(S~.Av)
—.(S~C)

Since

<Y veEwnn.p(S— . Av)
<> veEwwn2v
=2(n—1))

(linn2(n — 1) =0)

we conclude

(- p(5~C) =0) .
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Remark

3.83 A knowledge of the technique displayed in the proof of 3.82 is almost indispensable to him who
wishes to work in those branches of analysis which involve measure, integration, differentiation. Note, for
example, the proof of Egoroff’s Theorem (Saks, Theory of the Integral, Warsaw, 1937, p. 18).

Theorem
3.84 (mean > ¢ C measure > ¢)
Proof:
Let
(S=rlmpA femean >p A0 <71 < 00)
and choose
(N €ew)
so that
Am,n, e w~N([]..fmz — ..fnzlpde <r-r).
Helped by 3.71.14 we infer
Am,n, € w- N(
Lo(S~Ez(|.. fmx — .. fnx| <))
pEzeS(..fmx— ..fnzx|>r)

;.goExeS(L.fmx— .. fnz| >7)
< (/) [ fmx— .. fnz|pda
<@/r)y-r-r

r)
Consequently
(f € measure > ) .

Theorem
3.85 (g € sbane f A Alm pz(linn .. gnz € rf) —
0 (linn [|..fne —uzlpdz =0— Almpz(linn..gnz = uzx)) A
1 (f € mean > ¢ A Almpz(linn..gnz = uz) —linn [ |.. fnz — uzje dz = 0))
Proof of .0
Note that
(Alm pz(linn(..gnzx — ux) € rf) A Alm pz(linn|..gnx — uz| € 1f)) .
Thus
0
=linn [|..fnz —uz|pdx
=linn [|..gns — uz|pdz
> f@n| ognx — ux|pdx
= [|linn|..gnz — uz||p dz
= [|linn|..gnz — uz||p dz) .

Consquently
(Alm pz(linn|..gnz — uzx| = 0) A Alm pz(linn..gnz = ux)) .
Proof of .1
(rerfp— VN € w(
Am,n, € w~N([]..fmz — ..fnz|lpdz <r)A
Am,n, e w~N([]..fmz — ..gnz|lpdz <r)A

Amew~N([|..fmz —uzlpdz <linn [|..fmz — ..gnz|pdz <r)))
(0=linm [|..fmz —uz|pdz =linn [|.. fnzx — ur|pdz)
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3.86 Theorems
.0 (big nmassile pzu'zn Alinn [ [u'an — uz|p dz = 0 — massile prur)
Hint. Let
(f = An€wlz €rlmpu'zn)
and check that
(f € mean > ) .
Now use 3.84, 3.82 and the apply 3.85.0.
1 (bign([u'znpdz € rf) Alinn [ |[W'zn — uzlpde =0—linn [Wznpdz = [urp dz)

Lebesgue Metrics

3.87 Definitions
0 (rlbp =E ¢ € Onrlm o N Torf( [ .¢tp dt € rf))
.1 (reallebesguespace ¢ = rlb )
2 (tlbp =Lz, y,erlby [|.at — .yt|pdt)

Theorem
3.88 (p € MsA L=rlby A p=rlby—spacep = L € Complete p)
Proof:
After checking that
(p € metric A spacep = L)
we complete the proof by verifying the statement
(P € Cauchy p— \x € L(P € cvgpx)) .
Proof:
Since clearly
(P € mean > ¢)
we use 3.84 and 3.82 to so secure
(g € sbanc P)

that

Alm pt(linn..gnt € rf) .
Next let

(A=Et(linn..gnt erf) Az =Lt €rlmp(CrzAelinn..gnt)) .
Clearly

(z € Onrlm ¢ N Torf A Alm pt(linn..gnt = .xt)) .
Because of this and 3.85.1

([ .xtpdt erf) .
We now conclude from .0

(linn.p(.Pn,z) =linn [|..Pnt — .atlpdt =0) .

Approximations

3.89 Definitions
.0 (cps F =E X € On F N gauge(F~zr A € chl))
1 (Cret SF=EF\ A €cpsF(f =LAz €S> Be F(.\3eCrzj)))
2 (bsco=EF Cmbl"p(p € MsA AA€mbly(.pA =.mssprimpFA)))
Note
(p=LAF=\a,berfsngEx(a<x<b)—F cbscy) .
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3.90 Definitions
.0 (Integrable p = E f € Uponrlm ¢ N Torl( [ . fae dz € 1))
.1 (Integrable+ ¢ = (gauge N Onrlm ¢ N Integrable ¢))

If you wish you may compare our treatment with that of W. W. Bledsoe and A. P. Morse, Product
Measures, Trans. Amer. Math. Soc., vol. 79, No 1, pp. 182-187. Definition 3.89.2 is slightly at variance
with 4.54 of Product Measures. Everything goes through however.

3.91 Theorems
.0 (F €bsconS=rlmp— Crct SF C Integrable+ ¢)
A1 (FebsconS=rlmpar>0Aa f € Integrablet ¢
—VgeCret SF(Nz € S(.fx <.gz)A [.groda < [.fzpdz+r1))

Lemma
392 (FebsconS=rlmpAar>0a [urpde €rf—
Vg,h, € Cret SF([ Jux — gz + .ha|lpdax <r A [(.gz+ .hx)pdz < [ |uz|pdz + 1))

Theorem
393 (FebsconS=rlmparerfpa ferlby
—+ Vg, h, € Cret SF(Alm (. fx = .gv — .ha) A [(cgz+ . ha)pdz < []|. fzlpdz + 7))
Proof:
With the aid of 3.92 inductively so determine
(S’ € sqnc Cret SF A T € sqne Cret SF)
that
Anew
O (fl.fr—>jen..Sjx+Y jen..Tjr— ..Snz+..Tnalpdz <r-2(n+3)A
1 [(..8nz+ .. Tnx)pde < [|.fa— > jen..Sjz+> jen.. Tjxlpde +7r-2(n+3))
Now let
(9g=AzxeSY new..Sncnh=Lxe€SY new..Tnx) .
It is easily checked that
(9 € Cret SF A h € Crct SF) .
From .0 we see that
(n€w—
2 (flife—>Yjen+1..8x+Y jen+1..Tjzlpde <r-2(n+3)).
From .1 we learn that
(J(..80z+..TOx)pdx < [|. fz|pdx +1/8)
and from .1 and .2 we learn that
new—=[(..5n+Dz+..Tn+z)pde<r-2(n+3)+r-2(n+4) <r-2(n+2)).
Thus
(J(cgz + .ha)pdx
=Ynew/[(..9nx+..Tnx)pdz
(..50z+..Tnx)pdz+ > new..(n+ 1)z +..T(n+ 1z)pda
Srlpde+r/84 > new(r-2(n+2))
Saledz+r/8+1/2
Srlpdz+r

J
S
S
J

00)

ANRVANN VAR
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Accordingly
Almoz(|. fx| +|.gx| + | . hz| < 00)
and from .2 and Fatou’s Lemma it now follows that
(J|.fe — .gx+ .hxlpdz =0) .
Consequently
Alm pz(. fox = .9z — .hzx) .

Theorem
3.94 (F € bscp A S = rlm ¢ A massile+ pauz
—+ Vg, h,€ Cret SF(Almpz(ux = .gz — .ha) A [ hapdz < 1))
Proof:
In some way ascertain first, as can clearly be done, such an
(S € sqne(gauge Nrlb ¢))
that
Almypz(ur => n€w..Snx) .
In accordance with 3.93 so choose
(p, q, € squc Crct SF)

that
An € w(Almpz(..Snz = ..pnz — ..qnz) A [(..pnz + .. qnz)pda < [..Snzpdz +2n) .
Thus
(new—
[pnzpdr+ [..qnzeda
Sf..Smc(pdx—i—gn
= [..pnzodz — [..qnzpdz+2nna
0 [..qnzpdr <2(n+1)).
Now let
(9g=AzeSY ncw..pnt Ah=Lz eS8 ncw..qnx)
and note

(g, h,€ Crct SF) .
Because of .0
([.hzpdz <> new2n+1)=1).
Accordingly
Almpz(0 < .ha < 0o A
—o0o<.gr— .hx
=>MNEwW..pnTx — Y N EwW..qnx

=Y n€w(..pnzx — ..qnx)
=) new..Snx
=uz) .

It is quite possible that (F € bsc ) and yet for the members of F' to be so simple in structure that it is
comparatively easy to acquire information about members of Crct rlm @ F' . This information can sometimes
then be converted, by means of 3.95, into interesting knowledge about members of Integrable ¢ .

The reader may wish to verify Lusin’s Theorem

(p€MhpA feffmblpnTorf A A€ mbl' Nsbdmn f
— A r €rfpVg € Continuous prf \/C € closed pNsb A(.p(A~C) <r A Az e C(.gz <. fz)))
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Theorem
3.96 (p,9,€ Msr S A F € bscyy Nsbmblp A AB € F(.9f=.08) A [uzypda €1l
= [uzpdz = [uzy dz)

Theorem
397 (peMs Ay =omp— [urpdz = [uzy dz)

Special Integrals

3.98 Definitions
0 ([fabuzpdar = (a <ba [ntab;urpdzvb<an— [ntab;urpdz v ~(a,b,€rl)))
1 (furde = [ur£de)
2([Auzrdr = [ Aur £de)
3 ([ abux dz = [ abuz £ dz)

3.99 Theorems
0 (~(a,b, € 11— [ abuzp dz = U)
1 (a<b— [bauzpdz = — [ abuzy dz)
2 (cp{abc} =0 S = [aburpdz + [ntabvazpdz € rf - S = [acurp dz)
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Chapter 4: Completely Additive Functions

Definition

As usually defined the sum of two such may not be one. This is an effect that we purpose to remedy.
4.0 (Vmeet =EF e ~1\ A€ F(\/B € Fsng(AB) = Fsb A € Vfield))

4.1 Definitions
.0 (grator = E ¢ € Torl(.¢0 = 0))
.1 (additive” ¢ = E A € dmn ¢ A functionis ¢
ABedmnp AG € cblndsinNsbdmn (. p(A~BVG) => 0 € G.p(A~Bp) €11))
2 (addor = E ¢ € grator(dmn ¢ C additive” ©))
3 (addor” = E ¢ € addor(rlm ¢ € V" dmn ¢))
4 (dor+ ¢ = LB € dmnysupa € dmn g Nsb S. pa)
5 (dor — ¢ = dor+ — )
.6 (dort ¢ = (dor+ ¢ — dor — ¢))
7 (vinp = (dor+ ¢ 4 dor — ¢))
8 (var ¢ = mrvrn )
9 (Grup = AB €mbly [ B;. pap dz)
10 (max pv = Lz Sup{. px .va})
A1 (Hilt F=E ¢ € Msr V F(F € Vmeetbscp A V F € mbl” ¢))

Because of certain applications we have become interested in
4.2 Definitions
0 (dmn+¢ =E B(.p8 > 0))
.1 (paddor = E ¢ € grator(dmn ¢ € Vmeet A
VA € dmn p dsn’(dmn+ psb A) C dmn+ ¢ C additive” ¢))
.2 (topaddor = E ¢ € paddor A G € chlNdsjnNsbdmnp A A € dmne(d> 8 € G.9(Af) < x0))

4.3 Theorems
0 (T € additive” p — .0 = 0)
1 (T € additive” ¢ A G € cbldsjnsbdmng —.p(T VG) =>. B € G.o(TPB) € rl)
2 (T € additive” p A A € dmng — . T = .p(TA) + .p(T~A) € 1l)
3 (T € additive” p A A € dmnp A B € dmng —.o(TAUTB) +.p(TAB) = .¢(TA) + .p(TB))

Theorem
4.4 (p € addor <> ¢ € add” A dmn ¢ € Vmeet)

Theorem
45 (cerf~1 A p € addor— ¢ ¢ € addor Onrlm @)

Lemma
4.6 (Fy € Vmeet A Fy € Vmeet A A € Fy NFy—\/B € FyN Fysng(AB) = F1 N FyNsb A)
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Of real interest to us is

Theorem

4.7 (p1 € addor A @9 € addor A p = @1 + Py —
0 A A€ dmny(dmnesbA=dmnp; Ndmnps NsbA) A
.1 ¢ € addor)

Theorem
4.8 (c € rf A ¢ € addor — ¢ - ¢ € addor)

4.9 Theorems
.0 (A € additive” p — strc psb A € addor)
1 (¢ € addor A G € Vmeet sbdmn’ ¢ — strc pG € addor)
.2 (¢ € addor — strc o dmn’ ¢ € addor)

4.10 Lemmas
.0 (¢ € grator — dor+ ¢ € grator gauge On dmn ¢)
.1 (¢ € paddor A § = dor+ ¢ A G € cbldsjnsbdmnp A VG = A € dmn g
—0<.0A=> p8€G.05)
Proof:
On the one hand
(L0A> > peG.08—\acdmnpnsbA
(pa>>BeG.08>0A
0<.pa=.p(aVG)=>.eG.o(af) <> BeG.008<.pan
Loa < Lpa))
On the other hand
(.0A<> BeG.06—\H e fntNsb G
(DA< BeEH.0BANHAOANANBEH(.08>0)A
%3
(ANB € H(.¢6 € dmn+pNsb) A
Y BEH.0.LB
> .0A
>.0\BeH.EB
>.p\BeH.EB
=Y. BE€H.p.56A
YBEH.p.LB>)8€H.p.50)))

Helped by 4.2, 4.10, and 4.4 we infer
4.11 Theorems
.0 (addor C paddor)
.1 (¢ € paddor A 8 = dor+ p — 6 € addor gauge On dmn ¢)

Theorem
4.12 (A € additive” o dmn’ ¢ — supa € dmn p Nsb A . pa| < 00)
Proof:
Note that
(dmnp Nsb A C dmn' p)
and let
(F=dmnpnNsbAAN=Efe€ F(supac€ FNsbf|.pal=c0)AM=Epec F(|.p8 >1)) .
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After checking
(CeN—=>VDCC(DeMAC~De MN))
we readily infer
(BeEFANA~Be N—=\/B'DB(B'~BeMAA~B €N)).
Because of this and 2.19
(Ae N—\S esqucC F(.S0=0A
Anecew(.Sn+1)~.Sne M AA~.S(n+1) € N)A
o>y newl.Sn+1)~.Sn|>> necwl=c)).
Accordingly we conclude
(A€ N)
and the desired conclusion is at hand.

Lemma
4.13 (¢ € topaddor A § = dor+ ¢ A A € dmnphi -0 < .0A < o)
Proof:
Assume instead that
(LA = o)
and let
(F=EBCA(.OB=1)).
Notice that
(BEF—.0(A~B)=c0—\/f' DB(B~BEFAB €F)).
Choose then
(S €sqncC F)
so that
Anew(.Sn+1)~.SneF).
Now put
(G=Vnewsng(.S(n+1)~.5n))
and use 4.2.2 and 2.18 in checking
(00> B € G.p(AB)
=Y. BeG.pB
=>new.p(.Sn+1)~.5n)
>> newl

Helped by 4.10, 4.11, and 4.13 we infer
4.14 Theorems
.0 (¢ € addor Uponsb A A .pA < 0o — ¢ € topaddor)
.1 (¢ € topaddor A 8 = dor+ ¢ — 0 € addor gauge On dmn ¢ To rf)

4.15 Lemmas
.0 (¢ € addor Uponsb A A .phiA < co A =dort g — . pA = .pA)
Proof:
Let
(¢1 = dor+ ¢ A o =dor— o) .
Because of 4.14
(0<.pA <) .
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Also
(o € dmn p —
—.pA < pa < p1A < oA
A =.pa+.p(A~a) > .pa— paA A
A= p(A~a) +.pa < L1 A— —Lpa) .
Hence
(pAZ> 01 A— (AN . QA< .p1A— AN . pA= .01 A— .p2A=_¢A).
Apply .0 to — ¢ to learn
.1 (p € addor Uponsb A A —oco < .pA A =dortp— . 9pA = .pA)
From .0 and .1 we learn
2 (¢ € addor Uponsb AA A € dmny A =dortp— . pA =.pA)

Theorem
4.16 (A € additive” o A ¢ = dort @ — YA = @A)
Proof:
Let
(w=strcpsb A A p; =dor+p A s =dor— ¢ A u; = dor+ p A e = dor — p)
With the help of 4.9.0 we learn
(1 € addor Uponsb A A A € dmn p) .
Since evidently
(A= AN 1A — AN p2A = .p2A)
we may use 4.15.2 to conclude
(.QDA = ./iA = ./JlA — .,UQA = .QOlA — .QDQA = .’L/)A) .

We now have at once
The Jordan Decomposition Theorem
4.17 (¢ € addor — ¢ = dor+ )

4.18 Theorems
.0 (¢ € gauge A dmn ¢ > A C B € additive” ¢ —.pA < .pB)
1 (p € gauge A A € additive” ¢ A F € cblsbdmnp —.p(AV F) <> 8 € F.p(AB))
Proof:
Assume
(£ €OnFUtowA Az € Flur =Ey(.&y € .xix) A va = x~ V ux)
and note that we may use 2.19 and .0 in checking
(-p(AVF)
=.9p(A\z € Fvx
=.p\z € F(Avzx)
=Y x € F.p(Avx)
<>z eF.pAx)
=B € F.p(Ap))

.2 (¢ € addor gauge A ¢ = mrp — ¢ C ¥ € Msrrlm ¢ A dmn ¢ C mbl))
Lemma

419 (p € addor A .pA < oo A0 =dor+¢—\/P CAAacdnnpnsbA(.0a =.p(aP)))
Proof:
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Since according to 4.11 and 4.17
(0<.0A < o)
we can so choose
(B € squcsb A)
that
Anew(.A<.o.Bn+2n).
Now let
(C=fAnewAmewwn.BmAaP=\ncw.Cn).
Clearly
(n€ew
—.0

5

Bn)+.0.Bn+2n
Bn)+.p.Bn+2n
~ Bn)—|— A

—>.9(A~.Bn) 2n) .
Next because of 4.18.2
(n€w—=.o(.Bn~.Cn)
6(.Bn~.Cn)
.0(.Bn~/\m € wwn.Bm)
H(A~ Am € wn.Bm)
H(A\/m € w ~n~.Bm)
=.0\/m € w-n(A~.Bm)
<> mewwn.0(A~.Bm)
<> mewwn2m
=2.2n)
Accordingly
(new—.0A
.0.Bn+2n
.p.Cn+.p(.Bn~.Cn)+2n
p.Cn+2-2n+2n
.p.Cn+3-2n)
Hence because of 2.21
(L0A<linn.p.Cn+0=.9pP < .pAA
.0A = .pP)

QDQ:QD+

2n
O(A~
(A~
(A

AVARAVARI

A I IA

IR VAN VAN

But
(o € dmnpsb A
—=0<.0a— .p(aP)
<.fa— .p(Pa)+ .0(A~a) — .p(P~a)
=.0A— .pP
=0
—.0a =.p(aP))

Theorem
4.20 (¢ € addor A A € dmnp A 0; = dor+p A Oy = dor — ¢
—-VPCAAacdmnpnsbA(.O1a=.p(aP) A .00 = .p(a~P)))

The Hahn Decomposition Theorem
4.21 (¢ € addor” — \/P C rlm ¢(dor+ ¢ = sct ¢ P A dor — ¢ = sct p~P))
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4.23 Theorems
.0 (¢ € addor — vrn ¢ € addor)
.1 (p € addor = vrn C var ¢ € Msrrlm ¢ A dmn ¢ C mblvar @)

We shall never use 4.24 and 4.25.

Theorem

4.24 (p € addor A P Crlmp A P’ Crlmp A A€ dmnp A0 =varp A
dor+ ¢ = sct pP = sct P’ A dor — ¢ = sct o~P = sct o~ P’
— .9(AP~P' U AP'~P) = 0)

Theorem

4.25 (p € addor” AP Crlmp A P’ Crlmp A § = varp A
dor+ ¢ = sct pP = sct P’ A dor — ¢ = sct o~P = sct o~ P’
—.0(P~P' U P'~P) = 0)

Theorem
426 (peMsA) =Grup—1 €addor Azrp Czrip A A A € dmnyp(mbleosb A = dmnysb A))

Theorem
427 (u € i+ G A v € i+ G A w = max v
swefl+GA Az e VGO <.uz <.wzxA0<.vx <.,wz))

The next lemma is crucial to the remainder of the chapter.

Lemma
4.28 (A€ mbl' ymbl'o A M =mblosb A Amblep CmbluAzre Czrp
—\/f € fi+mblp(strc uM = strc Gr fM))
Proof:
Let
(H=Eueff+mblp Aa € M(.Grupa < .pux))
and
0 (N =supu € H.Grupaq)
and note
1 (0 N<.puA< o).
Since
(ue HAhve HAw=maxuw AB=FEz(ux>.vzx)Aa € M
—.wx =CrzBe.ur+ Crz~Be.vx A
J(Crzae.wz)pdx
= [(Crz(aB) e .uzx)pdz + [(Craz(a~DB)e . .vz)pdz
<.p(aB) +.p(a~B)
=.px
—w € H)
it follows that
2 (e HAve H—maxuv € H) .
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With the help of .0 so choose
(p € squc H)
that
(linn [(CrzAe..pnz)pdz = N)
and secure by induction such a
(¢ € squc U)
that
(.q0=.p0A An €w(.g(n+1) =max.gn.p(n+1))) .
Evidently, because of .2 and 4.27,
(gesancHAAncwAz erlmp(..pnx < ..gnz < ..q(n+1)x)) .
Now let
(f = Az erlmyplinn..qgnz)
and
3 (W'=Grfo)
and check that
4 (feHna
5 WA= N Ay €addorgauge A M C dmn’ i’ A
6 NaeM(pa<.pa < o0)A
T ozrezry) .
It will presently be seen that
(aeM—=.pa=.pa).
To this end let
8 (Y=p—p A
9 r=242-.pANA=.YA/r A
0 ' = —X- oAl =dor+) .
Notice that because of 4.26, 4.9.1, 4.7, 4.8, and .6
11 (3 € addor gauge A ¢’ € addor A A € M C dmn’ 1) dmn’ ¢")
and because of .7
12 (zr o C zry))
and use 4.20 to secure
(PCA)
so that
A3 Aa e dmny’ Nsb A(.0a = .9y (aP)) .
Now because of .10 and .9
(.Yp'P=.0A

> YA — WA .pA/r
=.YpA-(1— .pA/r)
— YA ((r — .pA)/r)
> YA (1+.pA)/r
=.19A/2)
Thus
(PpA<2-9Y'P)

and because of .12
14 P =0—.9A=0).
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Next let
15 (g = Ax €rlmo(. fr + A e CraP)) .
Note that, because of .13 and .10
16 (¢ € M =0 < .¢p(aP) — X .p(aP) = .¢p(aP) — [(AeCrza e CrzP)pdx)
and because of .8, .3, .16, and .15

(.pa
'a + o
Crzae. fr)pdz+ .¢(aP)
Crzae.fz)pdz+ [(AeCrazaeCrzP)pdx)
Crzae(.fr+AeCraP)pdx
Crzae.gr)pdr

).

v IV Il

|
'bbbb:

|
Q
=
<
AS)
Q

Hence
(9e H),
and because of .5, .3, .15, and .0
(N
<N+ Xe,.pP
= [(CrzAe. fx)cp dz+ [(AeCrzAeCraP)pdx)
= [(CrzAe(.fr+XeCrazP)pdux
= [(CrzAe.gz)pdx
< N)
According to this and .1
(AP =0)
and hence
A7 (A=0v.pP=0).
Because of .17, .9, and .14
(A =0).
Therefore, because of .11 and .8
(aeM—=0=_.Ypa=.mua— .pa—.pa=.pa)
and because of .4 and .3 the desired conclusion is at hand.

Lemma
4.29 (A€ mblymbl’o A M = mblpsb AAmblo CmbluAzre Caru
—\/f € fi+mbl p(strec uM = stre Gr foM))
Proof:
Let
(N =supa € M Ndmn' p1.¢a) .
Clearly
(0<N<.pA< ).
Next choose
(T € sqneC(M N dmn’ 1))
so that
(.T0=0Alinn.p.Tn=N)
and let
(B=Vnew.TnAC=A~BAS=Anecw(.T(n+1)~.Tn)) .
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Clearly

(B=\necw.Sn)
(in a disjointed way). We take advantage of 4.28 to secure such a

(£ € sqne I+ mbl p)
that

AnewAae M(.u(a.Sn) = [(Cra(a.Sn)e..Enx)p dx)
and let

(f=Azerlmp(CrzCeco+ > . n€w(Crx.Sne..{nx))) .
Obviously

(f € ffi+mbly) .
Now

(aeMA.uaC)<oAncw—.p.Tn<.p.Tn+.p(aC)=.p(.TnUaC) < N)
and hence

(aeMA.u(aC)<oo—=N<N+.p(aC) < NA.oa@C)=0nA.u(aC)=0).
Consequently it is certain that

(v eM—

(aC) = [(Crz(alC) e co)pdx A
e
=.p(aC) + . u(aB)
plaC)+> new.pula.Sn)

fCrx (aC)eo)pdz+ Y. new [(Crz(a.Sn)e..{nx)pde
J(Crzae (CrzCecc+ > ne€w(Crz.Sne. fnx)))go dx
f Crza. fx Jpdx
.Gr fea)

Theorem
4.30 (A € mblymbl” o A M =mblpsb AAmble CmblyAzryp Czrp
—V/f € ffi+ mbl p(strc uM = stre Gr foM))

Radon-Nikodym Theorem
431 (neMsrSApeMsrSASembl”oAmblo Cmbluazrg Czrp—\/f € ff+mblo(Gr fo C p))

Theorem
4.32 (massile pruz A massile prve A A € mbl' ([ asuzp dz < [ a;vap dz) — Alm pz(ur < vz))
Proof:

Let
(S =rlmyp)

and divide the rest of the proof into 4 parts.

Part 0:
(Aecmbl'pAar,s,emAB=FEx € Alvr <7 <s<ur)— B€Ezryp)
Proof:

We may as well assume
(—oo<r<s<oo).

Now
(foogfB;gxcpdefB;ya:goder~.<pB§5~.¢B§fB;gxgpd:z:§oo/\
s-epB—r-.0B=0A
(s—r)-.eB=0A
.pB=0)
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Part 1:
(Aembl'psEz e A(ve <ux) € zrp)

Proof:

(Ez € A(vx <uzx)=\rs,emEz € Alvz < s <r <uw) € zrp)
Part 2:

(Aembl' p— A~E z(ur < vr) € 21 )

Proof:

(A~Ez(uz < vx) = A~vEx(uzintl) U A~Ex(ve € rl) UE 2 € A(va < uz) € zrp)
Part 3:
Alm pz(uxr < vr)
Proof:
Secure, as can clearly be done, such a
(F € cblnsbmbl’ p)
that
(VF=Ez € S(uzr| >0)UEz € S(|vz| > 0))
and note that
(S~Ex(ur <vz) =\ B € F(B~E z(ur < vz))) .

Theorem
4.33 (massile prux A massile pzva A A a € mbl’ o([ o uzp da = [o;vee dz) = Alm pz(ur = v))

Theorem
4.34 (6 € addor gauge A dmné € bscpo A S =rlmb =rlmp AzrpoNdmnd C zrf A ) = mrb
— 0 C 1 eMsrSAmbly CmblYAzre Czry)

Proof:
Let
(M =dmn@) ,
note that
gratedis M ,

use 4.4 and 2.16 in checking
(0 CpeMsrSAM Cmbly),
and divide the rest of the proof into six parts.
Part 0:
(Ae M AB€zrp— BAEzry)
Proof:
Choose
(A" € M nsbAnsp(BA))
so that
(o(4) =0).
We then have
(\p(BA) < YA <.9A'=0) .
Part 1:
(Aczro— A€ ary)
Proof:
Choose
(F € cuv AM)
so that

(CBeEF.pp<T).
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Because of Part 0,
(A=VB e F(BA) e m) .
Part 2:
(Ae MNmbl'p A B € mblp— BA € mbl)
Proof:
Choose
(A" € M nsbAnsp(BA))
so that
(-o(BA) = .0A) .
Clearly
(.p(A'~(BA)) =.pA" — .p(BA) =0A
A'~(BA) € zryp Nmbly A
BA = A'~(A'~(BA)) € mbly)
Part 3:
(A€ M ABe€mbly— BA € mbly)
Proof:
Secure, as can clearly be done, such an
(F € cblnsb(M mbl’ p))
that
(ACVF).
According to Part 2,
(BA=\a e F(Ba) € mbly) .
Part 4:
(B € mblo — B € mbly)
Proof:
Because of Part 3
(Aem—AB € mbly — . A = .¢(AB) + .¢(A~B)) .
Now use 2.6.2.
Part 5:
(zrp C zry A mbly C mble)
Proof:
Use Part 1 and Part 4.

With the help of 4.34 and 4.31 we now have
Theorem
4.35 (0 € addor gauge A ¢ € Hiltdmn b A zr o Ndmn§ C zr§ — \/ f € fi+mblp(0 C Gr fo))

Helped by the Jordan decomposition theorem we easily infer
Theorem
4.36 (¢ € addor A ¢ € Hiltdmn o) A zr o Ndmny C zrp — \/f € fmblo(y C Gr fo))

Still more general than 4.35 and not well known is
Theorem
4.37 (0 € addor gauge A ¢ € Msr S A dmn® C mblg A zroNdmnf C zrf A S € V”’(dmn 6 Ndmn’ ¢)
—Vf eff+mblp(d C Gr fp))
Let
(M =dmn6 A ¢ = mrstrcpM) .
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Note that
gratedis M
use 4.4 and 2.26 in checking
(NBEM(YB=.p8) AM Cmbly),
and then observe that
(Sembl”"Pp A €Hilt M Azryp "M C zr6) .
Now, in accordance with 4.35, we so choose
(f € ffi+mbly)
that
(6 C Gr fo) .
Because of 2.65
(mbly) C mbly A mbl 1) C mbl'p A A B € mbl' v(. 43
Hence
(f € fi+mblyp)
and, because of 3.96,
ANBeMrlD.08=.GrfyYf= [(Crzfe.fr)pdae= [(Crafe.fr)pds=.Grfph).
Thus
(f € fi+mble A 0 C Gr fo)
and the proof is finished.

.pB)) -

Helped again by the Jordan decomposition theorem we easily infer

Theorem

4.38 (1p € addor A ¢ € Msr S A dmnt) C mblp AzrpNdmny Czrep A S € V' (dmnp Ndmn’ @)
=\ feffmblo(w C Gr fy))

In neither 4.37 nor 4.38 is the f necessarily unique.

Theorem

439 (f e ffmblo A p € Hiltdmny A f1 = Az €rlmpps. fe Ay C Gr fo by =dor+¢ A hy =mrb,
— f1 € fi+mblp A Gr fip C 1)

Theorem
4.40 (f e ffmblo A g € fmbly A ¢ € Hiltdmny A ¢ C Gr fo N Gr gy — Alm pz(. fz = . gx))
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Measure and Integration: Word Index

This index is to the symbols made up primarily as letter combinations. They are listed alphabeti-
cally with a reference to their first location in the Measure and Integration notes. “BN” references are to
Background Notation.

Word Location
a BN.24
additive” 4.1.1
addor 4.1.2
addor” 4.1.3
add’ 2.53.0
add” 2.53.1
Alm 3.2.0
and BN.O
as BN.13
at BN.32
big BN.63
boel 3.0.1
boelian 3.0.2
bore 2.81.0
Borel 2.0.7
bounded BN.76
bsc 3.89.2
Cauchy BN.92
cbl BN.54
closed BN.79
clsr BN.74
cnsr 2.93.2
Complete BN.94
conservative 2.93.0
Continuous BN.95
cover 2.0.17
cps 3.89.0
Cr 1.26
Crct 3.89.1
cuv 2.0.18
cvg BN.93
diam BN.75
Diam 2.96.0
disjointed 2.0.1
dist BN.77
dmn BN.36
dmn’ 2.0.9
dmn+ 4.2.0
dmn” 2.0.10
dmtr 2.50.0
domain BN.36
dor — 4.1.5
dor+ 4.1.4
dor+ 4.1.6
dsjn 2.0.2
dsn’ 2.50.1
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each
empty

ff

ff+

fnt

For
function
gauge

Gr

grated
grator
Hilt
horizontal
hs

hull

Hull

im

index
indexrun
inf

Inf
integers
Integrable
Integrable+
intersection
intr

inv
inverse

is

ladder

L

Lebesguemeasure

limit

lin

lin

lin

Im

Im

lm
massable
massile
massile+
max
Mbh

mbl

mbl’
mbl”

Md
mean >
measurable
measure
measure >
metric

BN.3
BN.19
3.1.2
3.1.5
BN.53
BN.3
BN.39
2.0.0
4.1.9
2.50.2
4.1.0
4.1.11
BN.33
BN.33
2.1.10
2.1.11
2.52.1
BN.81
BN.89
BN.62
R.13
R.8
3.90.0
3.90.1
BN.13
BN.73
BN.38
BN.38
BN.24
3.50
2.96.1
2.96.2
BN.64
BN.64
BN.85
BN.84
BN.88
BN.90
BN.91
3.3.1
3.3.2
3.3.3
4.1.10
2.81.2
2.14
2.1.5
2.1.6
2.45
3.81.1
2.1.3
2.1.1
3.81.0
BN.70
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metrizes
Mh
Mode
most
mr

Ms
Msh
msm
Msr
mss
natural
Nb

ndx

ng

nihl
Not
noz

nt
numbers
of

om

On
Onto
open
ordered
or

over
paddor
pair
point
points
ps

rail
range
rct
reallebesguespace
reals
refined
relation
respect
rf

rf

rfp

ril

rilp

rl

rlb

rlm

m

rng

rp
rsum
ru

BN.68
2.81.1
3.47
3.14
2.51.2
2.1.2
2.1.12
2.51.1
2.1.0
2.51.0
BN.51
BN.87
BN.81
1.0.1
3.1.3
BN.2
R.10
1.47
BN.51
BN.13
2.52.0
BN.42
BN.44
BN.78
BN.30
BN.1
BN.13
4.2.1
BN.30
BN.24
BN.15
1.0.0
3.3.0
BN.37
BN.66
3.87.1
R.0.2
2.50.4
BN.31
BN.64
BN.58
BN.71
BN.59
1.0.2
1.0.3
BN.57
3.87.0
2.0.11
3.0.0
BN.37
R.0.4
3.45
3.1.0
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run
runs
sbqne
scheme
sct
section
selector
sequential
set
singleton
singular
sms

smsr

sng

sng’

sngr
some
space
sprd
sqne
sqnc C
sqnc >
sqr

sr
standard
strc
subadd”
submeasure
such

sup

Sup

that

The

To

to
topaddor
tract

U

union
univalent
universe
Uonto
Upon
Uto

uu

var
vertical
vrn

Vs

with

zr

BN.86
BN.13
BN.82
3.43.2
2.0.14
BN.32
3.46
BN.64
BN.15
BN.28
2.93.1
2.1.9
2.1.7
BN.26
3.43.0
2.93.3
BN.4
BN.69
2.0.12
BN.55, 2.0.15
2.0.15
2.0.16
BN.67
BN.72
BN.71
BN.83
2.53.2
2.1.8
BN.15
BN.60
BN.75
BN.15
BN.13
BN.43
BN.64
4.2.2
2.0.8
BN.18
BN.14
BN.40
BN.18
BN.46
BN.41
BN.45
3.1.1
4.1.8
BN.32
4.1.7
BN.32
BN.64
2.0.13
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Measure and Integration: Symbol Index

This index is to the non-word symbols. They are listed in the order of their first appearance in the
Measure and Integration notes. “BN” references are to Background Notation.

Symbol Location Meaning

( BN.O left parenthesis

A BN.O and

~ BN.O if and only if

) BN.O right parenthesis

Vv BN.1 or

~ BN.2 not / complement

A BN.3 for each / indexed intersection
, BN.3 comma / ordered pair

\ BN.4 for some / indexed union
€ BN.5 belongs to, is a member of
— BN.5 implies

> BN.7 holds, has as a member
“ BN.8 set difference, set minus
C BN.9 is a subset of

C- BN.10 is a proper subset of

#* BN.10 not equal

N BN.11 intersect (binary)

= BN.11 equals, is equal to

E BN.15 classifier, set of

{ BN.15 left brace

: BN.15 colon

} BN.15 right brace

\va BN.16 union of

T BN.17 intersection of

0 BN.19 false / empty set, zero

% BN.34 image; yRA

* BN.35 inverse image; *RB

. BN.47 function value; . fx

A BN.48 function builder (“lonzo”)
w BN.51 set of natural numbers beginning with 0
1 BN.52 one

2 BN.52 two

3 BN.52 three

+ BN.52 plus (addition)

U BN.52 union (binary)

| BN.56 absolute value bar; |z|

00 BN.56 infinity

— BN.57 negative

< BN.57 less than or equal to

< BN.58 less than

> BN.60 sum

Vv BN.61 square root

. BN.61 times

/ BN.65 divided by

— BN.71 minus (subtraction)

2 BN.80 1/2 to an integral power
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gL VY

n<
ng
o,

BN.50
BN.87
R.0.8
R.8.0
R.21
R.48
2.0.3
2.04
2.0.5
2.0.6
2.50
3.43.1
3.48.0
3.48.1
3.48.2
3.49
3.49
3.68

raise to an integral power; “zn
greater than or equal to

greater than
set of integers

heavy times, same as x - y, except (0 @ z = 0) for any x

symmetric sum

set of complements
countable unions
countable intersections
sigma field

is a refinement of
common refinement
central integral
upper integral
lower integral
preliminary integral
integration d
integral
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Seminar Integration (1963)

96



Table of Contents

Some Elements of Analysis

1.58 Finite Summation

1.64 Infinite Summation
1.111 Summation by Positive Distribution
1.115 Summation by Partition
1.120 Summation by Finite Partition
1.121 Positive Summation by Partition
1.124 Summation by Substitution
1.125 Summation by Transplantation
1.130 Summation by Commutation
1.131 DominatedSummation by Distribution

Integration

7.0 General Methods

7.18 Integration by Refinement

7.54 Integration of Step Functions

7.65 Completely Additive Functions
7.78 The Jordan Decompostion Theorem
7.83 The Hahn Decomposition Theorem

7.88 Special Integrals

7.94 Integral and Measure Size

97

95
105
108
114
115
116
116
117
117
117
118

120
124
131
133
136
138
140
141



1. Some Elements of Analysis

In the definitions and postulates which follow a fundamental role is played by the constants
¢+77 7_?7 C_ (/7 (Sup7 4 ) .

1.0 Definitions

0 (1 =scsr0)
1 (2=scsrl)
2 (3 =scsr2)
.3 (4 = scsr3)
4 (5 =scsr4)
.5 (6 = scsrb)
.6 (7 = scsr6)
7 (8 =scsr7)
.8 (9 =scsr8)

1.1 Definitions
0 (w=TTEA(0 € AArAne€ A(scsrn € A)))
The set of natural numbers = w)

1(

(

(

(infin = E z(1/z = 0))
(kt = (kf Uinfin))
(complextension = kt)
(
(
(

% = (1/0))

complexplane = cp)

0 (x1 = Ez € kt(Supsngz # U))
1 (zf = (kfNrl))
2 tp=Ez €1rl-~1(Sup(sng 0 Usngz) # 0))
3 (rfp = (rf Nrp))
((x<y) (xerlayerlay —z €rp))
b ((z<y)=(@<yvae=yerl)
16 ((z >y) = (y <))
17 (29 =y < 2)
18 (0 = Supl))
19 (dlnﬁn = \/z € kf «~1sng(z - o0))
20 (directedinfinities = dinfin)
21 (spl = (kfUTrl))
22 (summationplane = spl)

1.2 Postulates
0 (0 €w)
d1(zrew—scsre=z+1€w)
20eSCcwaAneSn+1eS5)—=S=w)
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1.3 Postulates

0 (kt € U)

1 (infin = dinfin Usng do)

(rl = rf Usng oo U sng — 00)

(rekfryeinfin—sz+y=y)
(xekfryekfrzeinfinax/ywerfp—oz-24+y-2=1)
(0£zekt—x b =)

1.4 Postulates
O((z4+y#2U—o2zecUnrxz+yeU)na
(z-y#2U—zeUnrxz-yeU)Aa
(1/z2U—-ze€Unl/ze))
x4+y£U—zektry ekt & x+y e kt)
z-y#U—sxektayekt < x-yekt)

1
2 (
3 (
A (x €kt &> 1/x € kt)
5(SupA#U—ACr])
6 (ACrl—=SupAerl)
1.5 Postulates
0 (wCrf)
lzekfe Veerf\yerf(z=a2+1-y))
2(erfryerf—z+iy=02=0Ay=0)
3(-i=—1)

1.6 Postulates

.0($Ekt—>1 r=x=0+1x)
l(—z=-1-2)
(/y=z-(1/y))
(xerfryerf—oaztyerfaz-yerf)
(rerpryErpoax+yETpAT -y ETP)
(0£zerlozerpv —x €rp)
(z+y=y+rrz-y=y o)
(+y)+z=z+(y+2)
(z-y)-z=z-(y-2))
(zekf—>z (x+y)=z-z+z-y)
10 0£xekf—oa/xz=1)
N(Acraterl s Az e Aly<t) <+ SupA <t)

1.7 Definitions
O(W=Enncwv -—ncw))
1 (Theset of integers = w')

1.8 Postulates
O(rekt—"20=1)
lzektancew—"z(n+1)=x"zn)
2 (new~w—"zn="(1/x)—n)
3(zn#AU—new Az el)
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Definition
1.9 (nozz = (z =0V x))

1.10 Postulates
O(xektr0#£yeTokt—z+y=noz t(x+.yt) Az -y=nozt(x-.yt))
1(0#£zeToktA0#y € Tokt >z +y=nozAt(.axt+.yt) Ax-y=nozLt(.at-.yt))

1.11 Theorems

0 (w Crf C kf C kt)

1 (efp C of C 1l C kt)
rfp Crp C 1l)
oo erlA—oo€erl)
x€kf—ax—x=0)
0erfalerm)
x€e€kf—=0-2=0)
Proof:
O=z—z=z-14+z-—1=2-(1—1)=2-0=0-2)
7 (x € kf — —x € ki)

Proof:

Because of 1.3.3

(rekfr—zeinfin—-0=2—2=—2A—zckf)

.8 (i ekt)

Proof:

(i-i=—-1ektaiekt)
9 (i € kf)

Proof;

(OerfalerfAi=0+4i-1)
10 (x € if = — 2 e 1f)

Py

2
3
4
5
6

Proof:

Since
(—x € kf)

we can and do choose such members a and b of rf that
(—z=a+1iD).

Thus
O=z—z=(r+a)+idbAb=0A—z=aqac€crf)

11(-1--1=1)

12 (zrekt———x=21)
13(rxerl—s—xerl)

M (zekte —zekt)r(zekfe —zeki)a(zerl —zer) A (zerf + —xerf))
.15 ~(0 € rp)

.16 (1 €rp)

A7 ~(—1€rp)

18 ~(—1=0)

19(1/-1=—1)

20 (z € infin—»z — 2z =T)

21 (infin Nkf = 0)

22 (z € infin—» x +y —~€ kf)

23 (oo € dinfin C infin A — oo € dinfin)
24 (0o + 00 €11)
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(0-ck =0+ (s0-cb) = (0-50) o = U)

1ﬁn—Ex€kt(O z=1))

kf=FEz(0-2=0)=E2(0-z€kt)=Eax(z —2=0)=Ez(z — x € kt))
x+y€kf<—>m€kf/\y€kf<—>x y € kf)

2 (z edinfin—z+ z = 2)

3 (0 +=1)

Proof:

(P+d=cd+(-1-d)=x—d =U)

—~ s

4 ~(do € dinfin)

.35

~(0o0 + do € dinfin)

6 (004 o = 1)

(
(

7 (z € dinfin - 2z + o = U)
(

8(x-y=0—xckf)

Proof:
(z-y=0—(0-2) - y=0-0-2 €kt —a € kf)

9(0#zckfra=1/z—0#ackfrl/a=2x)

.40

Proof:
(x-a=1ra#0A0-(x-a)=0A0#ackfrz=(r-a) - (1/a)=1-(1/a) =1/a)
(r-y=0—=2=0vy=0)

Proof:

(xekfnz#0—-y=1/z) (z-y)=(1/z)-0=0)

1((0#£xerf—=1/zerf)n(zermp—1/zemp)ar(0#xerl—1/x erl))

42
.43

~(x €Ep A —x E1D)

(0<z ¢ zerp)

44 (a<be —b< —a)

45 (a <b+ —b< —a)

6 (a<b<c—a<c)

47 (a<b<c—a<c)

8 (a<b<c—a<c)

49 (a<b<c—a<c)

50 (rl Eﬂx<wD

51 (rl=E 2(— 00 <z < x0))

52 (rf = Ex(— 00 < z < 0))

53 (aerlaberlma<bva=bvb<a)
54 (aerlaberlma<bvb—<a)
55 (0 < 1)

56 (z<yAl<z<oo—x-2<Yy-z)
57 (zerln0<z<oo—z-z€rl)
B rz<ynld<z<oo—z-z2<y-z)
9 (—o<z<y<ooAl<z<oo—x-2<y-2)

60 0<a<b<oonl<c<c<x—=0<a-c<b-d< )
61 (0<a<ba0<c<d—=0<a-c<b-d)
62(berlnzerf—b+zerl)
63(x<ynzer—sz+z<y+z)
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64 (x<ynzerf—sz+z2<y+z)
65 (a<brc<d—a+c<b+d)
66 (0<zA0<y—0<z+y)
67 (0<ze —2<0)A(0<z+ —2<0)
68 (rerlayerl—
T+y<oorr<ooAy<o0)A
(—o<z+yer —00<TA—00<Y)A
(x+yerf o zertfayert))
0<b—oz+bw<zx)
ow<zr—=r<y+cVh>0y=x+h))
o<a<br—co<c<d—oa+c<b+d)
a<b<ooArc<d<oo—a+c<b+d)
a<b—=\cla<e<b))
ACrlaye A—y <SupA)
AcCrinterlan Aye Ay <t)—SupA <t)
t<SupA—\yt <yeA)
x € rl— Supsngz = z)
Sup0 = —o0)
Supw = o0)

0<k+ k- oo=00)
zerlanz-yerl—yerl)
zerlanz-yespl—y € spl)
ze€infinAy €infinrnz #y—z+y="U)
0 # = € kf Udinfin A y € dinfin — = - y € dinfin)
87 (0 #x €kt Ay € infin— x - y € infin)

88 (acktabekt—1/(a-b)=(1/a)-(1/b))
89 (x€cp+r —x Ecp+ 1/x €cp)

9 (r4+y#£U—ozEcpryEcp e x+yEcp)
9l (x4+y#U—zesplayespl < xz+y € spl)
92 (x4+y£Unzerlayerloa+yerl)

93 (x-yZUANx EcpAyECP—=T -y ECD)

I (r-yZUnzerlrnyerl—oa-yerl)

7
7
7
7
.7
8
8
8
8

69 (
70 (—
71 (-
72 (
(
(
(
(
(
78 (
79 (
80 (
81 (00 - 00 = 0)
82 (
(
(
(
(
(
(
(
(
(
(
(
(

Definition
1.12 (yJx = (0<z—SupEt > 0(t2 < x)))

Theorem
113 (0<z2—=0< x A 'Vr2=x=/12)

1.14 Definitions

0 (prt/ z = Thea e rl\/b e rf(z =a+1i-D))
q (prt” = (x ~€rl A Theb € rf \Ja € rf(z = a+1-D))
2 (|z] = (x e kf A /(" prt’ 22+ "prt”’ x2) vz ~ € kf A 00))
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1.15 Theorems
.O(a:6sp1<—>prt’m#U<—>prt”ac7éU<—>prt':vErl<—>prt”x€rf)

1 (x € kf «» prt’ z € rf)

(z €1l + prt’ x =0)

(x €rl—a =prt’ z)

(z €spl—>x =prt'z+1i- prt” z)

(aerfaberfrz=a+i-bsa=prt'zcAab=prt’z)

(prt/(z 4 y) = prt’ x + prt’y)

(x+yekf—prt’(x+y) =prt”" =+ prt”y)

(cerlac-x espl—zespl)

(0£cerf—c-xespl xespl)

10 (0 #£ cerf—prt'(c-z) =c-prt’ z)

2
3
4
5)
.6
7
8
9

1.16 Theorems
0 (0 < |z| < )
z € kf 0 < |z| < 00)

1(

(

(1 *I\ |2[)

(Jz +y| < |z +[y])
([lz] — lyll < |z —wl)
(|| -yl # U=z -yl = [z| - [y])
(0#yekt—=[1/yl=1/ly])
(zerl=|z|=avV|z|=—x)
(zerl—ax <|z|)

10 (|prt/ z| < x| A | prt” x| < |z))
A1 (2] < | prt’ x| + | prt” x|)

1.17 Definitions
.0 (transitiveis R = (relationisRA Az Ay A z(x,y € RAy,z € R—z,z € R)))
1 (directionis R = (R # 0 A transitiveis R A
ANz edmnRAyedmnR\zedmnR(z,z € RAy,z € R)))
.2 (runis R = (relationis RA R # 0 A
Az edmnR Ay e dmnR\/z € dmn R(vs Rz C vs Rx Nvs Ry)))
3 (far Rrur = (runisR A \/0 € dmn R Az € vs Rdux))

Theorem
1.18 (relation is R — transitiveis R +» R: R C R)

Theorem
1.19 (directionis R — runis R)

Theorem
1.20 (far Rzux A far Rzva > far Rx(ux A vz))
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1.21 Definitions
O (Nbra=(a=—-occAEz(prt'z < —1/r)v
a€kfAEz(lx—al|<7r)Vv
a=o00AEzxz(prt’'xz > 1/r)))
.1 (Nb' ra = (Nbra~snga))

1.22 Definitions
.0 (discra=(a € kf AcpNbrava=do AEz € cp(l/z € Nbr0)))
.1 (dis¢’ ra = (disc ra~snga))

1.23 Definitions
.0 ((uztendstopaszrunsalong R) = A r € rip far Rz(ux € Nbrp))
.1 ((uzslides topas xrunsalong R) = A r € rfp far Rx(ux € discrp))
((ux — pasx -— R) = (uz tends to p as x runs along R))
((ux — pasz -— R) = (uxslides to p as x runs along R))
(Im x Rux = Thep(ur — pasz -— R))
(LmzRuzr = Thep(ur < pasx -— R))
(ImmCa=Enr,y(0 <r <oconaye CNbra))
(LmmCa=Ery0<r<ooaye Cdisc ra))
(lim C 5 zauz = lm z lmrn Caux)
(Lim C' 3 zaux = Lm a Lmrn Cauz)
10 (lim zauz = limrl 3 zauz)
11 (Lim zauz = Lim cp 3 zaux)

Theorem
1.24 ((ur — pasx -— R) A (ux — gasz -— R) —p = q € spl)

Theorem
1.25 ((ux — pasz -— R) A (uz — qasx -— R) = p=q € cp)

1.26 Theorems
0 ((uz — pasz -— R) <> lImzRux = p # U)
1 ((uz = pasz -— R) > LmzRux = p # U)

1.27 Theorems
0 (a e kf 5 lmzRur = a + LmzRuz = a)
1 (a € kf Ab € kf = limkf 5 zaux = b > Lim zaux = b)

Theorem
1.28 (far Rz(ux = va) » lmxRur = lmzRve A Lm zRuxr = Lm zRvx)

Theorem
1.29 (runisR A a € spl—1mxRa = a)

Theorem

1.30 lmzRux = A € kf AlmaRvax = B € kf —
0 ImzR(ur +vx) = A+ BA
1 lmzR(uz-vx)=A-B)
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Theorem
1.31 (0 #lmaRur = A € kf »lmzR(1/uz) = 1/A)

Theorem
1.32 (lmaxRux = A € kf Ak € kf = limazR(k-uzx) = k- A)

Theorem

1.33 (lmzRux = A € kf —
.0 ImzRprt’ ux = prt’ A A
1 ImzRprt” ur = prt” A)

Theorem
1.34 (lmxRux = A € kf > 1lmazR|z| = |A])

Lemma
1.35 (r € rfp A a € rlNinfin — ux € Nbra <> prt’ ux € Nbra)

Theorem
1.36 (a € rlNinfin - lmzRux = a +> lmz R prt’ uz = a)

Theorem
1.37 (lm x Rux # U — prt/ Im x Rux = lm z R prt’ uzx)

Theorem
1.38 (0 # k € kf = lmaR(k - uz) = k - lm xRux)

Theorem
1.39 (far Rz(|lux| < vz) A lmzRvz = 0 — lmzRux = 0)

Theorem
1.40 (far Rz(ux € rl) = lm xRux = oo + far Rz(uz > 0) A lm2R(1/ux) = 0)

1.41 Theorems
.0 (far Rz(ur < va) A lmzRux = co = IlmxRvz = 00)

1 (far Rz(ur < va) AlmzRve = — oo = lmzRuz = — 00)

Lemma
1.42 (M € rfp A far Rx(ux > — M) A far Rz(ve € rl) A lmzRve = co — lm 2 R(ux + va) = 00)

Lemma
1.43 (M € rfp A far Rx(ux > M) A far Rz(ve € rl) AlmaRve = oo = lmzR(uz - va) = o0)
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Theorem
1.44 (far Rz(ux € rl A vz € rl) AlmaRur = AAlmazRve = B—

0 (A+ B#U—-ImzR(ux +ve) = A+ B) A
1 (A-B#U—lmzR(ux-vx)=A-B) A

2 (0£A#U—ImzR(1/uz) =1/A) A

3 (A#U—Aerl) A

4 (far Rx(ux < vz) > B «< A))

Theorem

1.45 (far Rz(ux > 0) A lmzRuzr = 0 — IlmzR(1/ux) = o)

1.46 Theorems
.0 lmzRux + lmaxRve = A # U —=lmaR(ux + vz) = A)
1 (lmzRux = A # U—1lmzRuz| = |A|)

Theorem
1.47 (runisR A a € cp—~LmaRa = a)

Theorem
1.48 (far Rz(uz € cp) » LmzR(1/uz) = 1/ Lm zRux)

Theorem

1.49 (LmzRur = AALmazRve = B—

0 (A+B#U—LmzR(ur+vx)=A+ B) A
1 (A-B#U—LmzR(ur-vx)=A-B) A

2 (0#zekf>LmaR(z - ux) =2z-A))

Theorem
1.50 (far Rz(Jux| < M < 00) = IlmaRur = lmzRprt’ uzx +1i-lm xR prt” uz)

1.51 Theorems
0 (runisRA N €edmnRA Ay € vs RN far Ra(. fy < .fz) > 1lmzR. fr =supxz € vs RN . fx)
1 (runisRA N €edmnRA Ay € vs RN far Rz(. fy > . fr) > 1lmaR. fr = infz € vs RN . fx)

1.52 Theorems
.0 (far Ry far Rz(. fy < .fz) > —oo <lmzR. fr < c0)
1 (far Ry far Rx(. fy > . fr) > —oco <lmzR. fx < c0)

In 1.52 above we find a generalization of the fact that monotone functions have limits.

1.53 Definitions
.0 (linnun = limw > nooun)
.1 (Linnun = Limw 2 ndoun)
2 (largex € Auz = \y erfp Az €rfp(y <z € A—ux))
3 (smallz € Auz =\yerfpAz erfp(ly > 2 € A—ux))
4 (large zux = large x € rfp ux)
5 (small zuz = smallx € rfp ux)
6 (bignun = largen € wun)
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Definition
1.54 (indexrun R = E £, n, € dmn R(runis R A vs R D vs Rn))

1.55 Theorems

0 (runisR A I =indexrun R—dmn] =gl =dmn R A A€ € dmnI(§ € vsIE))

.1 (directionisindexrun R < runis R)

2 (directionis R A A € € dmn R(§ € vs R¢) — indexrun R = sqrdmn RN R)

3 (directionis R A A & € dmn R(§ € vs RE) A dmn R = rng R — indexrun R = R)

A4 (runis R A dmn(S : R) = dmn R—runis(S : R))

5 (runis R A functionis f AtngR Cmg f AR =E & y(. fy € vs RE) > R =inv f : R)
1.56 Definitions

.0 (ImzRux = Im ¢ indexrun Rsup z € vs Réux)

1 (Ilm zRux = lm € indexrun Rinf © € vs R{ux)

lim rauz = Im 2 Imrn rl auz)

(
2 (
.3 (lim zauz = lm z lmrnrl quz)
4 (lin nun = Im 2 Imrn wooun)
5(

lin nun = lm x lmrn wooun)

1.57 Suggestion
Formulate some properties of Im and Im and incorporate them in Theorems.
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Finite Summation

1.58 Definitions
.0 ((a eq b) = \/f(univalentis f A dmn f = a Arng f = b))
1 (pwr' A=InfE n(Aeqn € w))

1.59 Definitions
.0 (summpfA = (p € Uponsb ATokt A f € Tokt Apwr' A€ wA.o0=0n
Nz e Al.psnge =.fe) A\ANT CAANB(.¢T =.p(TB) + .¢(T~B))))
1 (smfA=F @summpfA)
2 (sum fA=.VsmfAA)
3 (adx € Aur = sum Lz € AuzA)

Theorem
1.60 (pwr’ A € w A f € Tokt — singletonissm fA)
Proof:
Letting
(N =En € wA a(pwr’ @ = n— singletonissm fa))
we complete the proof by verifying the
Statement
(w~N =0)
Proof (by contradiction):
Suppose
(N £0)
let
(ng = Inf(w~N)) ,
and so select Ay that
(pwr’ Ag = ng)
and
.0 ~singletonissm fAg .
We readily see that
(no > 1)
and secure such a C that
(AoC #0 A Ag~C #0) .
Since evidently
(pwr’(ApC) < ng A pwr’(Ag~C') < ng)
we are sure that
(singletonissm f(AgC) A singletonissm f(Ayg~C)) .
Let
(1= Vsm f(AC) A gz = Vsm f(Ao~C))
and notice that
(summ @1 f (ApC) A summ s f(Ag~C)) .
Take
1 (po = AB C Ao(. p1(BC) + . p2(B~C)))
and observe that
summ @q f Ag
and hence that

2 (po € sm fAp) .
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Now let ¢y be any member of sm fAq and let
(1 =ABC A NC .o ANy =LA C Ay C.ihpf) .
Check that
(11 € sm f(AgC) A thy € sm f(Ag~C)) .
Infer next that the singleton nature of of sm f(AoC) and sm f(Ag~C) requires that
(Y1 =1 Ath2 = 2) .
Consequently, in view of .1, it is seen that
(T C Ag— .%oT
= . Yo(TC) + .4o(T~C)
1 (TC) + o (T~C)
=.p1(TC) + . p2(T~C)
= .(poT) .
Accordingly
(%0 = o) -
From this and .2 we conclude, in contradiction to .0, that
singletonissm fAg .

1.61 Lemmas
O (feTokth At Ap €smfA—sum fa=.pA)
d1(feTokthnAefmtrpesmfANBC A—sum fB=.pDB)

1.62 Theorems
0 (f € Tokt v A «~€ fut —sum fA = U)
1 (sum fT = sum f(T'B) + sum f(T~B))
2(ANB=0—sum fA+sum fB =sum f(AU B))
3 (f € Tokt — sum fsngly = . fy)
4 (f € Tokt —sum f0 = 0)

1.63 Theorems

0 (A weft—adz € Aux = U)

1 (Az € A(ux =vz) —»adz € Aur = adz € Avx)
(f € Tokt »adz € Aux = sum fA)
(AnNB=0—adz € Aur + adz € Bux =adx € AU Bux)
(y e Unuy € kt—>adzx € sngyur = uy)
(ye UAuy ~€ kt—>adz € sngyur = U)
(adx € Ouz = 0)
(adz € A(ux + vz) = adz € Auz + adz € Avx)
Hint: Induction in pwr’ A . Check carefully when (pwr’ A =1) .
8 (cekf—adx € A(c-ux) =c-adz € Aux)
9 (adz € Aur # U —adz € Aux € kt)
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Theorems
1.63 (A € fnt —

.0

0N U W

(Az € A(lur < o0) wadx € Auzr < 00) A

(Axz € Alur > —o0) wadz € Auz > — 00) A

(Axz € A(luxr > 0) »adz € Auz > 0) A

(Ax € A(ux =0)—adz € Auxr =0) A

Az e A0 <ux <vz)—adzx € Aur < adz € Avx) A
(adz € Aur e kt A BC A—adzx € Bux € kt) A

(adx € Aur € kt - Az € A(ur € kt)) A

|adz € Auz| < adz € Alux| A

(Az € A(ux >0) A BC A—adx € Bur < adx € Aux))
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Infinite Summation

1.65 Definitions
O (psz=InfEL0 <t > x))

1 (ngzr =ps—x)

1.66 Definitions
0 (rily=(y erlvy =1))
1 (ilpy=(y=>0vy="U)

1.67 Definitions
.0 (sumrun = E «, f(a C B € fnt))
Note that
direction is sumrun
and hence
runissumrun .
1 (Adzur = (lmasumrunadz € apsur — Imasumrunad z € anguz))
2 (O zur = (Adxprt” ux € rf > Adzprt’ ur 4+ i- Ad z prt”’ uz))

1.68 Theorems
O0(0<z—psz=nrx)
1

(

(

(

(

(rilzx 2 =psz — ngzx)
(rilz — |z| = psx + ngx)

(ps(z +y) + nge +ngy = ng(x +y) +psz + psy)

(

(0<ps(z+y) <psz+psy)

10 (0<e<oco—ps(c-z)=c-pszAng(c-z)=c-ngz)
11 (0 < ng(z +y) < ngz +ngy)

Theorem
1.69 (Az € U(ux = vz) > Adzux = Adzve A Y zux = ) ave)

Theorem
1.70 (Ax € U(0 < ux) -0 < Adzur = supa € fntad z € auz)

Theorem
1.71 (Adzux = Adz psux — Adxngux)

1.72 Theorems
0 (Vz e Ulur w~€rl) > Adepsur = Adx nguxr = o)
1 (Vz € Ulur werl) » Adzuz = U)
2 (Vz € U(uzx —~€ spl) = > auxr = U)
3 (Az € Urilur — > zur = Ad zux)
4 (Az € Uriluz —ril > aur A > zur = > zpsur — Y zngur)
5(U# > xpsur — > xnguxr — » rpsur — » TNgUT = Y TUT)
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Az € Urilux AU # > zur — Az € U(uz € 1))

Az € Uriluzx A Y zuz € rf - Az € U(ux € rf))

Saprt’ur € rf = > zux = > xprt’ ur +1i- >z prt’ ur)

S xprt’ ur ~e€rf =5 zuxr = U)

10 (O zur #U— Az € U(ur € spl) A > zux € spl)

11 O-zux € kf = Az € U(ux € kf))

12 (Az €U0 <ux)— 0<> zur=supa € fntadz € cur = Imasumrunad x € aux)
13 (Adz —ur = — Ad zux)

14 (c e rf ~1 = Adx(c- ux) = ¢- Ad zux)

(
(
(
(

Theorem
1.73 (3" zux € spl = > zur = Imasumrunad z € auzr)

Theorem
1.74 (cerf~1—=> z(c-uzx) =c¢- > zux)

Theorem

1.75 Oz —uz = — > zux)

Theorem
1.76 (>_20=0)

Thoerem

177 (Az € U(0 < ur <vz)— Y x(ur +vz) = > zur + Y zve)

Theorem
1.78 (Az € U(0 <uzx <vz)—0 <> zur <) zvx)

Lemma
1.79 (Az € Utiluz Arilva) A —co < Y zux + > zve = s—s =y z(ux + vz))

Theorem
1.80 (Az € Uriluz Arilve) A Y zuz + > zve €rl— > z(ur + vz) = > zur + > xve)

1.81 Theorems
O (rilaArilb—a+i-bespl«aerlabert)
A1 (x4 yespl—|prt’(z+y)| <|prt” z| + |prt” y|)
(3~ zur € spl = prt’ > aux = prt’ > zux)
O zur € kf —»prt” > axur = Y prt” ux)
O zur =) x(prt’ uz +1- prt” ux))
Hint: Use 1.72.10, 1.15.4, .0, and 1.15.0.

2
3
4

1.82 Theorems
0 (Az € Urilur — > zur € if + ) zjuz| < 0)
1 O zur € kf < Y zluz| < 00)

Theorem
1.83 (| Y 2ua| < Y afurl)
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Theorem
184 (cekf A zur e kf = > z(c-ux) =c- ) zux)

Theorem
1.85 (> zuxr + > ave € spl—= Y z(ur +vx) = Y zur + > zve)
Proof:
Let
(a =prt/ (O aux + > axve) Ab=prt”" (O] zux + > ave) A
a=>Y zprt'(ur+va) A S => xprt’(ur + vz)) .
We know
0 (aerlaberta
1 a+ib=>Y zur+ > xzva A
rl1 > a=prt'y zur+prt’ > zve
=>zprtur+ > xprt’ va
=Y x(prt’ uzr + prt’ vz)
= > wprt’(ur + va)
—a)
Accordingly
2 (a=an
(Az € U(uzr + vz € spl)) .
Thus
(5 | prt” (e + va)| < 5 (| prt/ wa] + | prt” val) = ¥ pre we| + 5| pr” va| < oc)
Consequently
3 (B erf)
and, because of .3 and .2,
4 Ozx(ur+vr)=a+1ib).
Now
(a €rf
— > zuxr + Y ave € kf
—b=> xprt’ur+ > xprt’ vz
=Y z(prt” uzx + prt”’ vz)
=Y zprt’(ux + vz)
=)
and hence from this, .4, and .1, it follows that
b (aerf—=Y z(ur +ve) =) zur + ) avz) .
From .3, .0, and .1 we deduce
.6 (a € infin—
> z(uz + v)
=a+ip
=a
=a+i-b
=Y zur+ > xvx)

Because of .5, .6, and .0, the desired conclusion is at hand.

Thoerem
1.86 (Az € Urilpur — > zuzr =0 <> Az € U(uz = 0))
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Definition
1.87 ((aeb)=(a#0Ab#0Aa-b))

1.88 Theorems
0(a20Ab#0—aeb=a-b)
0<|a|<oo—>a0b—a b)

1(
(
(ae0=0ea=0)
(ao(bec)=(aeb)ec)
(cekf—ce(a+b)=cea+cebd)
(rilpa Atilpb Atilpc—ce(a+b) =cea+ ceb)
(rilpc—ps(cex) =cepsz Ang(cex)=cenguz)
(a<bA0<c—cea<ced)
(aerlaberl—aeberl)
10 (rila A rilb —ril(a @ b))
11 (aec+becckt—aec+bec=(a+b)ec)
Hint. Use 1.11.82.

2 (jz oyl = [z o ly)
A3 (rilr Arecespl—r=0v c € spl)
Hint. Use 1.11.83.

1.89 Theorems
O (rerf—prt/(cer)=prt'cer aprt’(cer)=prt”"cer)
d(rerlaprt’cer erf—cerespl)
2 (rilr Acer € spl—prt'(cer) =prt'cer A prt’(cer) =prt’ cer)

1.90 Theorems
O(cerf—=> (coeur)=ce zux)
1 (rileA Ac € Urilpux — > z(ceur) =ce ) zux)
2 (Jc| @ > wluz| <00} x(ceur) =ced rur)
3 (> xz(coeuxr) esplaced zur €spl—> (couxr)=ce > xux)

1.91 Theorems
0 (AzeUrilpur Aced zur € spl—> z(ceur) =ce zux)
1 (AzeUrilpuz A Y z(ceuxr) €spl—> x(ceur) =ce)  zur)
Proof:
Because of 1.89.1 and .0
(rf 3> zprt’(ceuxr) => x(prt’ ceux) =prt”’ ce > zux
—cey zur € spl

—ce) zur =) xz(ceur)).

Definition
1.92 (Cray=(reynl)

1.93 Theorems

0(Cray=1z€y)
1 (Cray =0z —€y)
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Definition
194 >z € Aux = z(CrzAeur))

1.95 Theorems
O(ANzeAlur=vz)—=> v € Aur = > x € Avx)
10 z€eAur #U— ANz € A(ux € spl) A > x € Aux € spl)
>z € Aur e kf — Az € A(ux € kf))
(Az e Arilur AU # 3 z € Auz— Az € A(ux € 1))
(Ax € Ariluz A >z € Aux € 1if » Az € A(ux € rf))
(Ax € Arilur —rilY  z € Aur A >z € Aur =3 2 € Apsur — Y. € Angux)
SCzrzeAprt’urerf—=> x€ Aur=> x € Aprt'ur +1i-> x € Aprt” uz)
Sz e Aprt”"ur werf = > x € Aux = U)
>z e Aur e spl—prt' Yz € Aur = >z € Aprt' ux)
S reAur ekf—prt” Y x € Aur =) x € Aprt” uzx)
10 (Ax € Arilpuz — >z € Aur =0+ Az € A(ur =0))
11 (Az € Arilur — >z € Aur € f « Yz € Alux| < o0)
12 Oz € Aux € kf <+ >z € Aluz| < o0)
13 (> x € Aux| <> x € Aluz|)
14 (cerf—=>Y ze€ Alcour) =ce ) x € Aux)
150#cerf—=> € Alc-ur)=c->, z € Aux)
16 (cekfand zecAurekl—> ze€ Alc-ux) =c- >z € Aux)
17 (rile A Az € Arilpur — > o € A(ceux) =ce )z € Aux)
A8 (Ax € Arilpuz Aced x € Aur € spl— > z € A(ceuxr) =ce ) x € Aux)
19 (Ax € Arilpuz A Yz € A(coux) €spl— > z € A(ceuxr) =ce > x € Aux)
20 (Jc|] @Yz € Alur| <oo— Yz € A(ceur) =ce > x € Aux)
21 Dz e Alcoeuxr) esplaced x € Aur €spl— > x € A(ceur) =ce > x € Aux)
22 (3" zur => x € Uux)
23 (" xz € O0ur =0)
24 (s=>Yx€Aur+> x € Avex € spl =Yz € Aur + vx) = 3)
Hint. Use 1.88.5
B (x=>x€Ave+> .z € A(ux —vx) €spl—= >z € Aur = s)
26 (s=>z€Aluzowz)+> v € Alvrewz) €Espl— > .z € A((ur + vz) e wz) = 5)
27 (s=>x € Alvzowz)+ > 7 € A((ux — vz) ewx) €spl = > z € A(ur e wz) = 5)
28 (ANx € A(ux > 0)—= > x € Aux > 0)
29 (Az € Arilpuz —rilp Yz € Aux)
30 Az e Alur <vz)—> x € Ave »< > x € Aux)
3l ( Az e A0 <uzr<vr)—> zecAur <) zc Avz)

Theorem
1.96 (Ax € Blur > 0)—»0< > x € Bur =supa € fntNsb Bad x € aur)

Theorem
197 (Aefut A Az € Alur > 0)—>0<adx € Aur = > z € Aux)

Theorem
1.98 (Ax € B(ux >0)— > x € Bur =supa € fntNsb B x € aux)
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Lemma
199 (Aefat A Az € Arilur — >z € Aux = adz € Aux)

Theorem

1.100 (A e fut A ANz € A(uz € spl) > >z € Auxr = adz € Aux)
Easily seen now is the following

Lemma

1.101 (ANB=0AAUBefnt A Nz € AUB(ux € spl) > > v € AUBur =) z € Aux+ ) = € Bux)

Theorem
1.102 (y € U A uy € spl = > x € sngyur = uy)

1.103 Theorems
O(ANreANye Blay=vey)—>> c €AY ye Buzy=> x€ A) y € Bv'zy)
1(s=>ax€eA> ye Buazy+> x € AY yeBvzyespl=> z€ A ye Bay+vay) =s)
2((=>YrecAY yeByry+d x € AY ye Buzy—v'ay) €spl—> . x € AY y € Bu'zy =s)
B(|Xre Ay ye Buayl <y we Ay y € Blu'zyl)
d(s=)YrecAY yeBuzyew'zy)+> o€ AY y € B(¥zyew'zy) € spl
—> v €Ay ye B((u'zy +vay) e way) =s)
bS(s=)arcAY ye Beyew'ay)+ > v A) yec B((0zy — v'ay) e w'zy)
=Y xeA>Y ye Buzyew'zy) =s)
6 (X yn'zy =3z €U ye Un'zy)

Lemma

1.104 (Az Ay(Wzy>0)AnAct—> xze AY yw'zy=> y> x € Au'zy)
Hint. Use 1.101 and 1.77 and induction in pwr’ A.

Lemma
1105 (Ax Ay(u'zy > 0) = Y o> yu'zy < 3y wu'zy)

Theorem

1106 (Az Ay(u'zy > 0) =3 x ) yu'ay =3y > au'zy)

1.107 Lemmas
O (ANe Ay(Yey 2 0) A Nw(uz > 0) =3 x ) y(ur e viay) =3 y ) w(ur e v'ay))
T (AN AyEzy >0) A Axriluz as=> 2> ylurevay) el
—s=>y> zps(ureviay) — > y> rnglurevay) => y> z(urev'zy))

Lemma
1.108 (ANx Ay(@zy > 0) As=> x> y(ur e v'zy) € spl

—s=>yy xzprt/(urev'ay) +i-> y> xprt’(urev'zy) => y> x(ur e v'zy))
Proof:

116



Using 1.91, 1.89.2, 1.81.0, 1.107.1, 1.84, 1.103, and 1.81.4
(spl > s
=2z y(ur e v'zy)
=2 x(uz e ) yv'zy)
=Y zprt/(ux e Y yv'ay) +i-> aprt’(ux e Y yv'xy)
=Y z(prt ur e Y yv'ay) +i-> a(prt” ux e Y yv'xy)
=> x> ylprt'ur e v'zy) +1-> x> y(prt” ux e vay)
=> x> yprt/(urevizy) +1-> x> yprt’(ux e vay)
=> y> zprt/(urevizy) +1-> y > xprt’(ux e vay)
=2y xprt'(ur e v'ay) + >y x(i-prt” (ur e v'zy))
=y > z(prt’(uz @ v'ay) + (i-prt”(uz e v'zy))
=2y z(ur e v'zy))
Very useful is
Theorem
1109 (Az Ay(W'zy =2 0) A s =3 a(uz ey yv'ay) € spl—= 3 ay y(uz e vay) =3y z(ur e v'ay))
Proof:
Using 1.91 and 1/108 we infer
(spl > s
=) z(uz e} yv'zy)
=Y ) y(ur e v'zy)
=>y> x(ur e v'zy))

A generalization of 1.109 is
Theorem
1.110 (Az Ayrilpw'zy A s =Y z(uzed yw'zy) €spl—= > x> y(lurew'zy) = s=> y > z(urew'zy))
Proof:
Assume
(Az ANy'zy = [w'zyl)
and check, with the help of 1.109,
(Az Ay(¥'zy = 0) A
Az €Uuz e 3 yv'zy = ux o 35 yw'zy) A
ANz e UAy € Ulur e vzy = uz e w'zy) A
spl > s
=Y x(ur e ) yw'zy)
=Yz ) y(ur e w'zy)
=z y(uz e v'zy)
=5
=2y w(ureviry)
=2y w(ur e w'wy))

We now have almost at once

Summation by Positive Distribution

Theorem

1.111 (Ax € ANy € Brilpvayas=> € A(ux ey y € Bv'ay) € spl
=Y xeAY yeBurevay)=s=> ye BY zc Alur e v'zy))

Theorem
1112 (Ax € ANy € Brilpu'zy— )Y v € AY ye Buzy=) y€ B) z € Au'zy)
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Lemma
1113 (ANB=0As=>x€ Aur + Y.z € Bur € spl— > x € AU Bux = s)
Proof:
Note that
(Crz(AUB) =CrazA+ CraB)
and use 1.85 and 1.88.11.

An easy consequence of 1.109 is
Theorem

1114 (s=> z(ure> y € BCrxzyvy) €spl—>s=> .y € BY x € vyux)

Summation by Partition
Theorem
1115 (S=VyeBwAaAye BAneBly#n—vyNvn=0)A> x € Sux € spl
=Y xzeSur=>ye B> x€vyur)
Proof:
Check with the help of 1.95.27 and 1.11.3 that
(CraS =>"y e BCravy)
and apply 1.114.

Theorem
1116 (S=Vye Bvya Az e S(ur >0)—-0< > x € Sur <> y € BY z € yyur)
Proof:
Check
(0<ureCrzS<ured yc BCravy)
and apply 1.78 and 1.114.

Lemma
1117 (ANB=0As=)Yx € AUBur €spl—ss=> x € Aux + >z € Buz)
Proof:
Let
(R=Ey,tly=0rtec Avy=1AteB))
and note that
(vsRO=AAvsRl=BA
ANyeE2AneE2(y#n—vsRyNvs Rn=0) A
Vy €2vsRy =AU B)
WIth the help of 1.115, 1.101, and 1.102 we conclude
(spl > s
=Yz € AUBux
=Y y€e2> x€vsRyur
=Y yesng0> z€vsRyur+ > y €sngl> x € vs Ryux)
=Y x € Aur + > x € Buzx)

Theorem

1118 (ANB=0—=>.2€ AUBuz =),z € Auz + >z € Bux)
Proof:
Use 1.117 and 1.113.
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It is now easy to verify
1.119 Theorems
O zeAur+> z€Bur=> x€ AUBur+ ) z € AN Bux)
1 (Az€eAUBux >0)—=>Y 2€ AUB<)Y z € Aur+ > z € Bux)

Summation by Finite Partition

Theorem

1120 (BeftaS=Vye BvwyAaAye BAne Bly#n—vynyvn=0)
=Y x€Sur=>) ye B> x€vyur)

Positive Summation by Partition

Theorem

1121 (S=VyeBwaAye BAne Bly#n—vyNvn=0)A Az € Srilpuz
=Y xeSur=>ye B> x€vyur)

Theorem
1.122 (pwr’ A= >t CrtA)

Lemma
1.123 (functionisé Aa = > t € dmnéu.ft Ab=> x € rng&(ux e pwr’ hs&x) A (a € spl v b € spl)
—a=0»>)
Proof:
Assume
ANtAz(te = (& =2€Unl))
and note that
(v'tx = Crthséx A > tv'tz = pwr' hséx A D> av'tz = Crtdmné A
urev'tr =u.ftev'tx)
and recall 1.109 and 1.91.1.
On the one hand
(spl32a—a
=Y tedmnéu.{t
=Y t(Crtdmné e u.¢&t)
= t(u.{t e X av'ta)
=2z ) t(u.{tev'tx)
=> x> t(ur e v'tx)
= > x(uzx e pwr’ hsx)
=Yz € rng&(ux e pwr’ hsx)
—b)
On the other hand
(spl2b—10
=Y x € rng&(uzr e pwr’ hsx)
=>z(ur e tv'tx)
=3 t> x(ur e v'tx)
=2 t> x(u.ltev'te)
=>tu.fted> av'tx)
=Y t € dmnéu.ft)
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From 1.123 we infer

Summation by Substitutiion

Theorem

1.124 (functionisé — > t € dmnéu.&t = > x € rng&(uxr e pwr’ hsx))

Easy now is

Summation by Transplantation

Theorem

1.125 (univalentisé — >z € dmnéu.{x = >z € rngfux)

1.126 Definitions
O (Lz,y e Auey=E z,w\xVylz =2,y € Anw=1u'zy))
1 (Lz,yu'zy = Ax,y € sqr Uu'zy)

Theorem
1.127 (9 = Az,y € Au'zy—dmng = > z,y € A(u'zy € U)A Az Ay(z,y € dmng—.g(z,y) = u'zy))

1.128 Definitions
OO z,ye Avay=> 2z€ A. Lz,y € Au'zyz)
1z, yu'zy = x,y € sqr Un'zy)

1.129 Theorems
O ANz Ay(z,y e A=sv'zy =viey) = > x,y € Au'zy =5 x,y € Av'zy)
1 (~relationis A— >z, y € Au'zy = U)
(relationis A A Az Ay(W'zy > 0)—= > z,y € Au'zy > 0)
> x,ye Av'zy e kf & > x,y € Alu'zy| < 00)
(R=rctABAs=> z,y€ Ruzyecspl—=> x€ AY ye Buzy=s=> y€ BY z € Au'zy)
Proof:
Let
(9 = Az, yu'zy)
and check that
(spl > s
=> x,y € Ru'zy
=>2€R.gz
=>z€ VzinA\y € Bsng(z,y).gz
=Y xeAd ze€\ye< Bsng(z,y) .9z
=Y xe€AdY ye B> zecsng(r,y).g9z
=Y r€AY yeB.g(z,y)
=Y xe€AdY ye Buzy).
Similarly
(s=>yeBY xze€ Au'zy) .

2
3
4

From .2, .3, and .4 we infer
Summation by Commutation
Theorem

1130 Oz € AY ye Bluzy| <oco—>Y o€ AY ye Buzy=> y€ BY x € Au'zy € ki)
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With the help of 1.95.19 we now easily check

Dominated Summation by Distribution

Theorem

1131 D"z € A(Jlur| e >y € Blv'zy|) <ocons=> x € A(ur e >y € Bv'zy)
> x€AY ye Blurevzy)=s=) y€ B> x € B(urev'zy) € kf)

The next theorem, which we shall not use, casts light on 1.109.
Theorem

1132 (Nz Ay(Vzy > 0) = > x(uz e Y yv'zy) = > x,y(ux e vry))
Hint. Use 1.108 and 1.107.

Perhaps of interest are 1.133 and 1.134 below
Theorem
1.133 (lmasumrun Y "z € aur = a € kf —a = > zux)

1134 Oz € Aux => z € Aprt'ux + >z € A(@i-prt” uz))

Definition
1.135 (mtab=FEt(a <t <tvb<t<a))

Definition
1.136 (> 2 € Aux =linn Yz € ANnt — nnuz)

Note that (37 € w’ = 0) because of the symmetry employed in 1.136. Such symmetry is convenient for
some purposes.

1.137 Theorems
0 jewuj=linnd.je€ nuyj)
1 (O-n€wun €spl—>n €wun => n € wun)
2 (Xnewlun| =>.n € wlun|)
3(>Xnew<ooyn€wun =y, n € wun)

1.138 Exercises
OD0<eanncw—"(14+en>1+nee)
1 (1 <y—=linnyn = o0)
2 (Jz] <1—=0=linn’|z|n =linn'azn)
B(z|]<ocornew—=(1—x)- Y jen'zj=1—"zn)
4(lz|<1=Yjewenj=1/1—=z))
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1.139 Exercise
Let us agree that
((¢isdiadicforz) <+ \/n € w(§ € OnnTo2 A
0<a— Yjen-6j-2—j)<2—(n+1)).
Let us also agree that
(diad z = E ¢(¢isdiadic for x))
and that
(Dcx = Vdiadz) .
Show that
(x € nt01 — nestisdiadz A Dcz € OnwTo2 Az =>"j € w(.Dezj-2—j))

122



7. Integration

According to Riemann an integral is a limit of a sum. Using sums very similar to those considered by
Riemann we seek and find a definition of integral which even in its special manifestations in 7.24.0 is flexible
enough to embody the Riemann-Stieltjes integral on the one hand and the Lebesgue integral on the other.
Our general attack is susceptible of a variety of specializations and easy generalizations.

General Methods

Riemann sums suggest
7.0 Definitions
0 (rsum f§p =38 € dmnf(.f.{Be.0B))
A ([#Mfe} =ImEM rsum fEp)
2 ([#Mfe} =IlmEM rsum fEp)
3 (J#Mfe} =lmEMrsum f&p)

In the above we regard f as a numerical valued function to be integrated, £ as a generalized Riemann
interpolant, ¢ as a numerical valued set function, possibly a measure, with respect to which the function f
is to be integrated, and the run M as a method of integration.

The set sweep M, over which we integrate, is described in 7.1.0. The unimportant subsets of sweep M
are described in 7.1.1.

7.1 Definitions
.0 (sweep M =\/§ € mg M \/5 € dmn sng.£f)
.1 (ignore# MpA = (A C sweep M Afar ME A\ B € dmné(.£8 € A— .98 =0)))

Definition
7.2 (gauge = ToE 2(0 < < o0))

7.3 Definitions
.0 (alm# M pzuzx = ignore# M p(sweep M~ E zux))
.1 (almostall by M pzux = alm# Mpzuz)

7.4 Theorems
.0 (A C B A ignore# M B — ignore# MpA)
.1 (ignore# MpA A ignore# M B < ignore# Mp(A U B))
(runis M — ignore# M ¢0)
(ignore# Mo(sweep M~A) <> far ME N\ B € dmné(.£8 € Av .pB =0))
(runis M A \ x € sweep Mux — alm# M pzuz)
(runis M A y — alm# Mozxy)
(alm# Mz (ux — vz) = (alm# M pzux — alm# M pxve))
(alm# Mz (uz A vz) <> alm# Moxuz A alm# Moprve)
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7.5 Lemmas

0(Bedmné <+ .{Be U {8 #U)

1(g=Az.fr—dmng=dmn f A .gx =. fz)

(f=AKzux Ag=Leve A h = Lx(ux +va) = . ha =. fe+ .9z A h = Lz(. fz + .gx))
(h=Az(.fr+.9x) = .hx =. fz+ .gx)

(f=AKzux Ag=Lz(c-ux)—=.gr=c-.fr Ag= Lz(c-.[fx))

(9= Kale- . fr) =gz = c- . f2)

(f = Azux A g= Lzprt' ux A h = Lxprt” ux = prt’ . fo = .gz A prt” . fo = ha)
(f = Kouw p g = Kafuz| = Az € Ul.ge = |- fa)

(f=Azux Ag=ALAxve Aur =ve —. frx = .g2)

(f=Azux—> ANz e U(.fr e A+ ux € A))

© 0N O W~

7.6 Theorems
0 ([#Mfe}#U—runisM A [# M fo} € spl)
1(g=Ax.fe— [#Mge} = [# Mfo})
2 (alm# Mox(. fo = .gx) = [# Mfo} = [# Mgp})

7.7 Theorems
(J = [#Mfo}+ [# Mgp} € Unh=La(. fr+.gz) > J = [# Mhe})
(07éC€1"f/\9:KW(C’-fl’)%f#MQSO}:C'f#MfSD}
2(g=Az(c-.fe)nJ=c- [#Mfo} €kf—J= [# Mgp})
3 (runis M — [# M L20¢} = 0)
4 ([# Mfe} € spl— alm# Mpx(. fz € spl))
5 ([# Mfe} € kf —alm# Mox(. fz € kf))

A theory more attractive, in a number of respects, emerges if the integral in 7.0.1 is narrowed somewhat
in the infinite cases. This is done in
7.8 Definitions
.0 (neared# Mpby Ris f = (An € w([# M vs Rnp} € kf) A alm# Moz(linn.vs Rnx = . fz)))
1 (neared# Mo f = \/Rneared# Mpby Ris f)
2 (f# Mfo] = (neareddt Moo f — [# Mfio})
3 (J# Muzpdz = [# M Lzuzy))
4 ([#MAuwrpdr = [# M(CrzAeur)pdr)

In the above we regard R as a relation whose vertical sections are functions approximating the function

7.9 Lemmas

0 (alm# Mpxz(. fx = .gx) — neared# Mpby Ris f <> neared# Mpby Risg)

1 (h=AKz(. fx + .gx) A alm# Myz(.he € U) A neared# Mp by Ris f A neared# Mpby Sisg A
T =En,t(t € Az(.vs Rnx + .vs Snx))
— neared# Meby T'ish)
Proof:
Note first

(n€w—vsTn = ALz(.vs Rnx + .vs Snx)) .
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Hence, because of 7.7.0,
(n € w—kf > [# MvsRno}+ [# MvsSnp} = [# MvsTne})
and
An € w([# MvsTnp} € kf) .
Also, because of 7.5.3,
alm# Mpx(U 5 .hx
=.fr+ .9z
=linn.vs Rnz + linn.vs Snx
= linn(.vs Rnx + .vs Snx)
=linn.vsTnz)
and
alm# Mpx(linn.vsTnx = .hx) .
The desired conclusion is at hand.

20#£cerfag=Lz(c-.fz)nS=En,t(te Lx(c:.vs Rnx))
— neared# M @by Ris f <> neared# M e by Sis g)

B (J#Mfo} ekf A R=En,t(t € f)—neared# Moby Ris f)

4 (neared# Mpby Ris f — alm# Mox(. fx € spl))

Theorem

TAL (f# Mfi] £U—
.0 runis M A
.1 neared# Moyf A

2 [#Mfol= [#Mfp} e spl)

7.12 Theorems
.0 (neared# Moy f — [# Mfo] = [# Mfo})
1 ([#Mfo} e kf— [# Mfo] = [#Mfo})
2 (alm# Moz(. fr = .gx) — [# M fo] = [# Mgy])
3(g=Az.for— [# Mgp| = [# Mfy])
4 (J = [#Mfol+ [# Mgpl A h= La(. fo+.gx) = J = [# Mgy])
Proof:
According to 7.11.2, 7.7.0, and 7.7.4
(J# Mhe} = J € U A alm# Moa(.hx € spl)) .
Because of this, 7.11.1, and 7.10.1
neared# M ph .
Hence
(J# Mhe] = [# Mhg} = J)
5(0#cerfag=La(c-.fa)—= [#Mgpl=c- [#Mfy])
6 (g=Az(c-.feynT=c- [#Mfol ekf—J= [#Mgyp])
7 (runis M — [# M L20¢] = 0)
8 ([# M f¢] € spl — alm# Mopx(. fx € spl))
9 ([# Mfe] € kf — alm# Mopx(. fx € kf))
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Theorem

713 (f = Azur A [# Muzpde #U—
.0 runis M A
.1 neared# Mo f A
2 [#Muzpdar = [#Mfe} €spla
3 alm# Moz (. fx = ux € spl))

7.14 Theorems
0 (f = Azuz A neared# Mo f — [# Muxodz = [# M fe})
1 (f = Azux A [# Mfo} e kf— [# Murpdz = [# Mfe})

Taking advantage of 7.5 and 7.12 we rather easily check
7.15 Theorems
O (J#M.frpde= [#Mfy])
1 (alm# Mpz(ux = va) — [# Muzpdz = [# Mvzpdz)
(J = [#Muxpdz + [# Mveede € U—J = [# M(uzx + vz)p dz)
(0#cerf— [# M(c-ux)pdz =c- [# Muzpdz)
(J=c- [#Murpdzr ekf—J= [#M(c-uz)pdz)
(runis M — [# MOy dz = 0)
(J# Muzy dz € spl — alm# Mz (ux € spl))
(J# Muzy dz € kf — alm# Mz (ux € kf))

7.16 Theorems
0 (peTorlnJ = [#Murpdr e kf—J = [# Mprt' uzpdz +1i- [# M prt”’ urp dz)
1 (p € Torla J = [# Muxpdx € spl—prt’ J = [# M prt’ uzp dz)
2 (p € Torl A alm# Mopz(uz € 1l) = [# Muzp da ~€ ~1l)

7.17 Theorems
.0 (¢ € gauge A alm# Moz(ur > 0) — [# Muzpdz ~< 0)
1 (¢ € gauge A alm# Moz(ur < va) — [# Muzp dz «> [# Mvre dz)
2 (p € gauge A alm# Moz(0 <ur < vz) A [# Mveedz =0— [# Mure dz =0)
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Integration by Refinement

7.18 Definitions

.0 (selector =E £ € ToOUA B € dmné&(.£8 € 3))

.1 (partion A =E D € cblNdsjnNsb~1(V D = A))
grator = E ¢ € Tospl(.¢0 = 0))
sng’ z = (~1Nsngx))
(DNS)=Vx e D\ye Ssng'(zNy))
(SccD)y=AxzeS\VyeDxCy))

(
2 (
3 (
A (
5 (
7.19 Definitions

.0 (scheme p = E D € partionrlmp A ¢ € grator AT € dmnop(.oT =Y 5 € D.p(TPh)))
1 (gridp = E G € scheme p A\ D € scheme o(GN D € scheme ¢))

Definition
7.20 (mode p =E D,&(D € grid p A € € selector A dmn ¢ € grid p A dmn& CC D))

Definition
7.21 (schememode ¢ = E D, &(D € grid ¢ A £ € selector A dmn € € scheme p A dmné CC D))

We formulate 7.21 merely to indicate one of the alternative approaches. We prefer 7.20 to 7.21 tho much
can be done with the latter.

7.22 Definitions
0 ([ fo} = [# mode pfep})
1 ([fe} = [# modepfp})
2 ([fe} = J# modepfp})

Definition

7.23 ([ fo] = [# mode ¢ fe])

7.24 Definitions
0 (Juzpdz = [# mode puzp dz)
1 ([ Asuzp da = [# mode pA;uzp dz)

7.25 Definitions
.0 (ignore p A = ignore# mode ppA)
.1 (alm pzuzr = alm# mode pprux)

7.26 Definitions
.0 (neared p by Ris f = neared# mode pp by Ris f)
.1 (neared ¢ f = neared# mode ppf)

7.27 Definitions
.0 (swath D = (selector N On D))
.1 (swing f Dy = sup &, n, € swath D|rsum f€p — rsum fnepl)
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7.28 Definitions

0 (oscl 5= (8 # 0 A supa,y, € Bl fz — . fy]))
.1 (osum fDp = (inf £ € swath D|0 - rsum f€p| + > 8 € D]oscl fBe.98]))

In connection with .0
(B=0—o0sclf5=0)
and
(8 #0—oscl f8 = sup,y, € Bl fx — - fy) .
In connection with .1
(V€ € swath D(rsum f€p € kf) —osum fDp = > 3 € D|oscl fBe.p3])
and
(osum fDp < 0o — \/€ € swath D(rsum f&p € kf)) .

The oscillation integral is described in
Definition
7.29 (Juzp dz = inf D € grid ¢ osum L zuzDyp)

Definition
7.30 (vinp = AT € dmnesup D € gridp Y 5 € D|.p(TB)|)

Definition
7.31 (gridor = E ¢ € grator(gride = E D € partiontlmp AT € dmnp A 8 € D(TS € dmn p)))

7.32 Theorems
0(DnD' =D'ND)
1(Dn(D'nD"y=(DnD'YnD")
(DuD'NnD”"=DnNnD'UDND")
(V(DnD'Y=vDnvD)
(DnD'ccDaDND' cc D)
(D" cc D'cc D—D"cc D)
(D)cc D—D'=Vae DD sba))
(DPccDedsinphaeDAd’ €D Aad #0—=d C a)
(ad =0—sbasba’ =1)
(ad =0— ~1sbasba’ =0)

7.33 Theorems
O (DegridpaD €gridp—DND’ € gridyp)
.1 (¢ € grator — sng’ rlm ¢ € scheme )
.2 (¢ € grator — sng’ rlm ¢ € grid )

Although Theorem 7.34 below involves the principle of choice, some interesting instances of do not.
Theorem
7.34 (p € grator A M = mode ¢ — dmn M = grid ¢ A sweep M = rlm ¢ A runis M)

Lemma

735 ((W0=0AnaeDedsinAaD €dsjun D" =DnND’
=Y. a"eDnsba.ya” =) o' € D .¢Y(aa’))
Proof:
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Suppose
(FF=D'Ed(ac #0) A F" =D"sban N =La' € F'(ad)) .
Note carefully that
univalentis N Admn N = F Atng N = F”
g
and use summation by transplantation in checking
- ad e D ylad)
=>acF . Yad)+> o €D~F . .¢lad)
=Y o € F' .¢y(ad)
=>a €eF .¢.Nd
— Za// e F// .wa//
=Y a"eD’'"nsba.ya’).

Theorem
7.36 (fnt scheme ¢ C grid p)
Proof:
With the help of 7.35, 7.32, and summation by finite partition we infer
(D € fnt scheme p A D’ € schemep A D" = DND" AT € dmn
—spl 2 .¢T
=Y aeD.p(Ta)
=YaeD)Y deD . .p(Tad)
=Y aeDY o eD"Nsba.p(Ta”)
=Y a"eVae DD"Nsba).p(Ta")
=Y o e D".p(Ta")) .

If we view the above proof in the light of positive summation by partition we become convinced of
Theorem
7.37 (p € gauge — grid ¢ = scheme )

We also have
Theorem
7.38 (D € schemep — D € gridp < AT € dmnp A S € schemep(d> .5 € DNS.p(TH) € spl))

Lemma
7.39 (D € sb~1 Aswing fDp =N < co—osum fDp <2-N)
Proof:
We notice first that
(N >0)
and
(eswathDAneswathD >N <Y g€ Dprt/((.f.£8— .f.nB)e.pB)) .
Next we check that
(&€ € swath D Am € swath D A
ABB =Et(prt'((.f.£8 — . f.nB)e.pB) >0)) A
€ = B € D(uBN .8 U~uBN.7B) A
7 = AB € DuBN.7BU~BN.EB) A
N> BeDprt'((.f.&B— .f.0'B)e.pB)
=>BeD|prt'((.f.£6 — . fnB) e.pb)|
=N =3 BeDptt'((.f.€8 — .f.nB)e.vB)|) .
In the same way check that
(§eswathD AneswathD—-N >> € Dlprt"((.f.£8— .f.nB)e.pB)|) .
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We now know
(§eswathD AneswathD—2-N>> e D|(.f.66— .f.nB)e.pf]) .
From this we learn
(BeDAazepfryef—|(.fr— .fy)e.pB <2 N)
and hence
(BeD—]osclffe.pB] <2-N < o0).
Accordingly we conclude
(1 <A< oo—VE,n, € swath D(
ABeD(oscl fBe. 0B < A-|(.f.68— .f.nB) e.0B]) A
osum f Dy
=Y B € Dl]oscl fDB e .S
<2 BeDA-[(f.E8— .f.nB)e.obl)
=X BeD|.f.E8— .f.nB)e.of]
<A-2-N))
and
(I<A<oo—osum fDp < A-2-N)
and
(osum fDp < 2-N).

Lemma
7.41 (osum fDy < 0o — swing f Dy < osum fDp)
Proof:
(€ € swath D An € swath D —

00 > | rsum f€p — rsum fnp|
=[2BeD((.f.8— .f.nB)e.pp)
<Y BED|(fEB— - f.nB)e.pp]
< Y8 € Dloscl fB .08
= osum fDyp)

From 7.41 and 7.39 we infer
Theorem
7.42 (D € sb~1—0 < swing f Dy < osum fDp < 2-swing fDp < 00)

Theorem -
743 ([urpdx € kf — [urp dz = 0)

7.44 Lemmas
0 (pegauger D egridp—>.8€ D|.o(TP)| <|.¢T|)

1(p0=0ADCCFedsin=) fecDufe.vpf)=3 DY ve F(ube.i(3y)))

2 (pegaugen D egridp A G egridpnS=> a€ Duae.pa) € spl
=>aeDY feCGuae.p(af)=5S=>.8€G> ac Duae.p(ap)))

3 (p egauge A M =modep A D € gridp A osum fDp < 0o An € vs MD — rsum fny € kf)
Proof:
According to 7.40 and .2

(rsum fno =3 B €dmnn) v € D(.f.nBe.pv))) .
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Evidently
(BedmnnayeD—=|(.f.nB— .f.Ay)e.p(By)] <|osclfye.p(BY)]) .
Now because of this and .0
(A € swath D —
Y.pedmnnd vy e D|(.f.nB— .f. ) e.0(B7)
<> B edmnn) vy € Dlosclfye.p(B7)]
=Y 7€ DY B € dmnn(oscl fye|.p(B7)])
=>_7 € D(oscl fye > € dmnn|.p(87)])
<227 € D(osclfye|.¢v])
= osum fDy
< 00) .
Because of 7.40 and the above
(rsum fny € kf) .

4 (¢ € gauge A M =modep A D € grid p A osum fDgp < 0o A
EevsMDAnevsMDAF =dmné A G=dmnn
—rsum fép — rsum fp = Ya € FY B € G((.f.éa— . f.n8) o.p(aB)) A
SacFYBeG|(f.ca— .f.n8)e.p(af)| < osum fDy)
Proof:
Because of .3 and .2
(kf > rsum f€p — rsum fnp
=X acF) feG(.f.bae.p(af)) — Y acFY BeG(.f.nBe.o(ap))
=Y a€elFy BeG((.f.La— .f.nB)e.p(aB)) .
Evidently
(e FABeEGAyED—
|.f&a— . f.nBle]|.p(aBy)| < oscl fy].p(aBy)]) .
Because of this, .1, and .0,
(NacFYBeC|-f.La— .f.08)e.p(af)
—SaeFYAeG(.f.Ca— .f.n8ls|.0(aB))
S a€eFYBeGRyeD(.fta— .fnBle|.plaB))
<SaeFTAeGTye Dloscl fyel.plaf))
— Yy eDYaeFY B eGlosl fye|.plap))
— Sy eD(osclfre Y ae FY B eGlplaf))
<227 € D(osclfye 3 a € Fl.p(ay)])
<327 € D(oscl fye|.¢v])
= osum f D) .
The proof is complete

From .4 we easily infer

Theorem

7.45 (¢ € gauge A M =modep A D € gridp AE €vs MD Anp € vsMD
— | rsum f€p — rsum fnp| < osum fDyp)

It is not hard to check the general

Theorem

7.46 (runis R A spacep € Completep A Ae >0\ e dmnRAz € vsROAy € vsRO(. p(. fz,. fy) <)
—VP(mzR.p(. fx,P) =0))

131



Since (kf € Completekf) we infer from 7.46, 7.45, and 7.43 the beautiful
Theorem B
747 (p € gauge — [urp dz € kf & Jurp dz =0)

7.48 Theorems
0 (pe grator%jgxgo dx > T\gxhp dz)
1 (pegauge A [urpdr e kf -0 < [|uz|pda < o0)
2 (¢ € gauge A almpz(uz € 11) A [urpde € if — [urpda = [psuzpde — [nguzrpdz)
3 (p e gauge A [urpde e kf—| [uzpdz| < [|Juzjpda < )
Proof:
So choose ¢ that
(lef=1nrc- [urpdz =| [uzpda]) .
Because of .1 and 7.15 and 7.16
(| ur e
=c- [uzpdz
~ [ ur)pde
=prt’ [(c-uz)pdx
= [prt’(c-ux)pdz
< Jle wlpda
= [ |uzlp dz)
< 00) .

It is not difficult to check
Theorems
7.49 (¢ € grator A @ = vrnp —
.0 6 € gratorNgaugeN Ondmn ¢ A
1 gride C grid6 A
2 AT edmnp(].¢T| <.0T))

Dominated summation by distribution helps us check

Lemma

750 (@ =vinpADegridpnGegridpnd . a€ Duae.fa)ckfaS=> a€ Duae.pa)
=S ekfrd aeDY feGuae.paf)=S=> €G> ac Duaes.p(af)))

Lemma
7.51 (0 =vinp A M =modep A D € grid p A osum fDy < 0o
ANeevsMDAnevsMDAF =dmné A G =dmnn
— | rsum f€p — rsum fnyp| < osum fDO)
Proof:
Because of 7.50
(kf > rsum f€p — rsum fnp
=X acFY feG(.f.bae.p(af)) — Y acFY BeG(.f.nBe.o(af))
=2 a€GYBEG((.f.La— .f.nB)e.p(aB))) .
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Because of this and 7.44.4

(Irsum f€p — rsum frp|
=X aeFYy BeG((.f.a— .f.nB)e.p(ab))
<Y aeFYyBeC|(.f.La— .f.nB)e.p(af)
< aeFYBeG|(f.Ca— .f.nB)e.0(f)
= osum fD0) .
The proof is complete.

From 7.51 we easily infer

Theorem

752 (0 =vinp A M =modep AD €gridpré €vsMD An € vsMD
— | rsum f€p — rsum fnp| < osum fDO)

Theorem

7.53 (8 = vrnp A M = mode p —

0 (J#Murfdx e kf — [urpdz € kf) A

1 (¢ € gridor — grid ¢ = grid ) A

2 (p € gridor » M = modef) A

3 (p € gridor A [uzfdx € kf — [uzp dz € kf))
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Integration of Step Functions

Definition
7.54 (stepA = Lz €rlm A S € dmnA(. A3 e Crzf3))

Theorem
755 (r € edmn)edsinn . AEEsplA f=step\—.fz=.)\08)

Lemma
7.56 (¢ € gauge A M =modep A D € gridp AN € OnD A f =stepA A
S=>ve€D(A\ye.py)esplal €vsMD
—rsum fép = 5)
Proof:
Let
(F =dmn¢) .
Note first that
OBeFAyeD—=.f.lBe.p(BY) = ve.0(f7))
and then use 7.44.2, .0, and 7.44.1 in concluding
(S=XB€eF> veD(Ne.p(B7))
=Y BeFY vyeD(.f.E8e.0(BY))
=2 BeF(.[.EBe.9b)
= rsum f&p) .

We now have at once
Theorem
757 (p € gauge A D € gridp AN € OnD A f =stepAAS =3 L€ D(A3e.pB) espl— [ fo} =09)

We also have

Theorem

7.58 (p € gauge A D €gridp AN EOnD A f=stepAAS=> € D(.A\Fe.pB) €spla
ABED(NBe.pB ekl)— [.fapdr=29)

Lemma
759 (M =modepnAeDegridprAcdmnp A f=LxCrzAAE € vs MD —rsum fEp = . pA)
Proof:
Simply note
(Bedmnl—.f.£8 =.p(BA)) .
and apply 7.19.

We now have at once
Theorem

760 (AeDegridpn Aedmnpn f=LxCrzA— [ fo} =.pA)

We also have
761l (Ae Degridpn Aedmn’' o — [A;jlpdr =.pA)
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More general is
Theorem
762 (AeDegridpr Aedmnp A G egridp A AB € G(BA € dmn’ p) — [ A;lpda = .pA)

In keeping with 7.57 we have
Theorem
763 (DegridpANeOnDA f=stepAA [ fo}esplaS=>BeD(.A\e.pB) espl— [ fo}=19)

In keeping wtih 7.58 we have

Theorem

764 (DegridpgANeOnDA f=stepAn [ fo}esplaS=>8e€D(.A\3e.ppB)cspla
ABeD(Nse.pB ckl)— [.fzpdr=29)
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Completely Additive Functions

7.65 Definitions
0 (additive” ¢ =E A € dmn ¢ A functionis p(dmn ¢ Nsb A € Vfield A
A G € cblndsjn Nsbdmn (. p(A VG) Y8 eG.p(AB) €spl)))
1 (addor = E ¢ € grator(dmn ¢ € additive” ¢))
2 (addor” = E ¢ € addor \/S € sqncC dmn p(rlm ¢ = \/n € w.Sn))
3 (dor+p = AP € dmnysupa € dmnpNsbf.pa)
4 (dor — ¢ = dor+ — ¢)
.5 (dort ¢ = (dor+ ¢ — dor — ¢))
6 (mr ¢ = mss @ rlm ¢ dmn @)
7 (var p = mrvrn p)
8 (dor’ ¢ = LB prt’ .B)
9 (dor” ¢ = LB prt” .oB)

Our interest in 7.65.9 and in 7.66 below arises from the behavior of the imaginary part of a function in
addor.

Definition
7.65A (Vmeet =EF e ~1A\Aec F(\/B € Fsng(AB) = Fsb A € Viield))

7.66 Definitions
0 (dmn+p =EB(.5>0))
1 (paddor = E ¢ € grator N Torl(dmn ¢ € Vmeet A dmn+ ¢ C additive” A
ANAedmnpAw,f,€ dnntenNsbA(af =0—aUpS e dnnt ¢)))
2 (topaddor = E ¢ € paddor A G € cblNdsjnNsbdmnp A A € dmnp(d>. 8 € G.p(A4A8) < x))

7.67 Theorems
0 (T € additive” ¢ A A € dmng — . oT = .p(TA) + .p(T~A))
1 (T € additive” p A A € dmnp A B € dmng —.p(TA) +.p(TB) = .o(TAUTB) + .¢(TAB))

7.68 Theorems
0 (cerf~1Aa¢e€addor—c-p € addor Ondmn p)
1 (c € kf A ¢ € addorNTokf — ¢ - ¢ € addor On dmn ¢ To kf)

Perhaps not altogether expected is

Theorem

7.69 (¢1 € addor A w2 € addor A p = 1 + w2 —
.0 ANAedmnp(dmnpnsbA=dmnp; Ndmnps Nsb A) A
.1 ¢ € addor)

7.70 Theorems

0 (A € additive” ¢ — strc o sb A € addor)
.1 (p € addor — strc o dmn’ ¢ € addor)
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7.71 Lemmas
.0 (p € grator N Torl — dor+ ¢ € gauge On dmn ¢)
.1 (p € paddor A § = dorp A A € dmnb A G € cbldsjnsbdmn ¢
—0<.0(AVG)=>.8eG.0(BA))
Proof:
On the one hand
(LO(AVG)>> 8eG.0(BA)—=\aedmnpnsb(AVG)
(-
>> B eG.0(BA)
>>pBeG.0(Ba)
>0A
. pa
> feG.p(Ba)
=.p(aVG)
=.paA
Lpa > o)) .
On the other hand
(L(AVG) <> eG.0(BA)—VH € ntNsbG(
W(AVH)< Y. e H.OBA) A
H#0A
AB € H(.O(BA)>0)A
VE(AB € H(.EB € dmn+p Nsb(BA)) A
Y. BEH.p.EB
O(AVH)
O(AVB € H.£8)
.0\/B e H.EB
-p\VBeH.&B
=Y. BeH.p.56A
YBeH.p.88>3 BeH.0.p)) .

The desired conclusion follows.

AV BN AVARV,

Helped by 7.66 and 7.71 we infer
7.72 Theorems
.0 (addor Torl C paddor)
.1 (¢ € paddor A § = dor+ ¢ — 6 € addor gauge On dmn ¢)

Theorem
7.73 (A € additive” ¢ dmn’ p — supa € dmn ¢ Nsb A|.pa| < 00)
Proof:
Note that
(dmneNsb A C dmn' )
and let
(F=dmnpnNsbAAN=Ef € F(supa€ FNsbf|.pal=c0)AM=EBe€ F(|.08] >1)) .
After checking
(CeN=>\DCCDeMAaANC~D e MN))
we readily infer
(BeFANA~Be N—\/B' DB(B'~BecMAaAA~B €N)).
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Because of this we know
(Ae N
—\/S € squeC F(
.S0=0A
Anew(.Sn+1)~.Sne M AA~.Sn+1) € N)A
00
> new|l.o(.S(n+1)~.Sn)|
>> newl
—0)
Accordingly we conclude
~(A € N)
and the desired conclusion is at hand.

Lemma
7.74 (¢ € topaddor A =dor+p A A€ dmnp—0<.0A < c0)
Proof:
Assume instead that
(\0A=00),
and let
(F=EBCA(pS>1).
Notice that
(BeF
—.0(A~f) = 0
—\VB' 2B ~BeFAB €F)).
Choose then
(S €sqncC F)
so that
Anew(.Sn+1)~.SneF).
Now put
(G=Vnewsng(.S(n+1)~.5n))
and note that
(G edsjinNsb F A pwrG = w)
and according to 7.66.2,
(0> BEG.p(AB)=2"BEG.pB>> f€Gl=00).

Helped by 7.66, 7.72, and 7.74 we infer
7.75 Theorems
.0 (pinaddor Uponsb ATorl A .pA < 0o — ¢ € topaddor)
.1 (¢ € topaddor A 8 = dor+ ¢ — 0 € addor gauge On dmn ¢ To rf)
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7.76 Lemmas
.0 (¢ € addor Uponsb ATorl A .9A < oo Atp =dortp— . pA = .pA)
Proof:
Let
(p1 =dor+ @ A g =dor— o) .
Because of 7.75
(0<.pA< ).
Also
(o € dmnp —
oa < p1A < oo A

=.pa+.p(A~q)
> .pa— Jpa AN

=.p(A~a) + . pa
<.p1A— —.pa).
(\pA> . p1A— [ paANA
pA < p1A— L2 AN
A =01 A+ s A = PA)

Applying .0 to — ¢ we learn
.1 (¢ € addor Uponsb ATorl A —oo < .pA A =dortp— YA =.pA)

From .0 and .1 we learn
.2 (¢ € addor Uponsb ATorlA A € dmngp A ¢ = dort p— . v A = .pA)

Theorem
7.77 (p € Torl A A € additive” ¢ A 1 = dort o — .PpA = . pA)
Proof:
Let
(uw=strcosb A A p; =dor+ ¢ A g =dor— ¢ A g =dor+p A pg = dor— ) .
With the help of 7.70.0 we learn
(1 € addor Uponsb A A A € dmn ) .
Since evidently
(cpA=pAN . 01A=_nA N . p2A = .usA) ,
we may use 7.76.2 to conclude
(.QOA = ./,LA = -HIA — ./.LQA = .@114 — .(pgA = .wA) .

We now have at once
The Jordan Decomposition Theorem
7.78 (¢ € addor Torl — ¢ = dor+ ¢)
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Theorem
7.79 (¢ € addor A ¢’ =dor’ ¢ A ¢" = dor” ¢ —
¢’ € addor Ondmn ¢ Torl A
¢” € addor Ondmn ¢ Torl A
o= +i¢")
Proof:
It is easy to check that
(¢’ € addor Ondmn ¢ Torl) .
Now let
(" = ABprt”.¢P)
and note, with the help of 7.66, 7.75.1, and 7.69.1,
(" € topaddor A — 4" € topaddor A ¢” € addor On dmn ¢ Torf) .
Because of 7.77
.0 (A € dmn ¢
— A € additive” "
—.0"A=.Y"A
= A=, A+1-.p"A).
On the other hand
d1(pA=cov. o A=—-c0—=.pA=. 0 A=.0A+1-.p"A).
The desired conclusion follows from .0 and .1.

7.80 Theorems
.0 (¢ € gauge Admn ¢ > A C B € additive” ¢ —.pA < .pB)
1 (p € gauge A A € additive” o A F € cblsbdmnp —.p(AV F) <> B € F.p(AB))
Proof:
Let
(M =dmnpsbAAE € OnFUtowA L =Lz FEy(.{y € .§x) A
Nz e Flur =z~ V.Lz))
and note that we may use 3.18A and .0 in checking
(-p(AVF)
=.9p(A\z € Fux)
=.p\z € F(Aux)
=Yz € F.p(Aux)
<> uxzeF.pAx)
— S Be F.p(Af) .

.2 (p € addor gauge A ¢y = mr — ¢ C 1 € Msrrlm¢ A dmn p mbl )

Lemma
7.81 (¢ € addor Torl A .pA < oo A =vrnp
VP CAANaedmnpnsbA(.0a =.p(aP)))
Proof:
Since according to 7.72 and 7.78
(0<.0A < x0)
we can and do so choose
(B € squcCsb A)
that
An€ew(.A<.p.Bn+2n).
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Now let

(C=AnewAmewwn.BmAP=\ncw.Cn).
Clearly

(new—

.¢(.Bn~.Chn)

.0(.Bn~.Cn)
O(.Bn~Am € wwn.Bm)
(A~ Am € wwn.Bm)
H(A\/m € w e n~.Bm)
0\m € wn(A~.Bm)
<> mewwn.0(A~.Bm)
<> mewwn2m
—2.2n)

A I IA

Accordingly
(n€w—
.0A
.p0.Bn+2n
p.Cn+.p(.Bn~.Cn)+2n
p.Cn+2-2n+2n
p.Cn+3-2n).

I VAN VAN

Hence
(L0A<linn.p.Cn+0=.pP <.0A)
and

(e edmnepnsb A
—0
<.0a— .p(aP)
<.Oa— .p(Pa)+ .0(A~a) — .p(P~a)
=.0A— .pP

—.0a=.p(aP)) .

Theorem
7.82 (p € addor Torl A A € dmn A 67 = dor+ ¢ A 0 = dor — ¢
—-VPCAANacedmnpnsbA(.01a=.p(aP) A .Osa = .p(a~P)))

The Hahn Decomposition Theorem
7.83 (¢ € addor” Torl — \/P C rlm ¢(dor+ ¢ = sct ¢ P A dor — ¢ = sct o~ P))

7.84 Theorems
.0 (addor C gridor)
.1 (¢ € addor — vrn ¢ € addor)
2 (¢ € addor — vrn @ C var ¢ € Msrrlm ¢ A dmn ¢ C mblvar ¢)
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Theorem
7.85 (¢ € addor Torl = vrn ¢ = dor+ ¢ + dor — ¢)

We shall never use 7.86 and 7.87.
Theorem
7.86 (¢ € addorTorlA P Crlmp A P/ Crlmp A =vimp A A € dmnp A
dor+ ¢ = sct 9P = sct p P’ A dor — p = sct o~P = sct p~P’
— .0(AP~P' U AP'~P) = 0)

7.87 (p € addorTorlA P Crlmp A P’ Crlmp A 6 = varp A

dor+ ¢ = sct pP = sct P’ A dor — ¢ = sct o~P = sct o~ P’
5 .0(P~P' U P'~P) = 0)
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Special Integrals

7.88 Definitions
.0 (interval =E A € sbrf ~«1 Az,y,€ AANAN€nt0L((1—N) -2+ X -y € A))
1 (ntf f = (sng(0,0) U LB € interval(. f Sup 5 — . fInf 3)))

Definition
7.89 ([ aburpdz = ((a <b— [ntabjuzp dz) A (b < a— [ ntab;ure dz)))

7.90 Definitions
0 (furde = [ur£de)
1 ([Aurde = [ Aur £de)
2 ([ abuz dz = [ abuz £ dz)

7.91 Definitions
0 (furgdzr = [uzrntfgdz)
1 (fuzgdilz = [uzgdz)
2 ([Auzgoz = [ A;uzntfgde)
3 (faburgpz = [abuzntf gdz)

7.92 Definitions
O (Juzdr= [urLzxdz)
1 ([Aur gz = [ Asuz Lzzdx)
2 ([abur oz = [ abux Azz §x)

7.93 Theorems
0 (awerlvbwerl— [aburpdr =)
1 (a<b— [aburp dz = — [ baury dx)

It can be shown that
(—o<a<b<oon
kf 5 R = The Riemann—Stieltjes integral from a to b of f with respect to g
— [ab.frgdx =R) .

With integration by parts in mind we ask when does

(Jab.frgdx=.fb-.gb— .fa-.ga — [ab.gzfox)?

In 7.92 we have an interesting generalization of the Riemann integral. In particular

(JOoo(1/(1+a-x)) gz =m/2) .
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Measure and Integral Size

Theorem
7.94 (p € gauge A f €gauge A =mrp A [.frode < A= .0Ez erlmp(. fz >1) <))
Proof:
Let
(r>0AM=modep A A=FEz €rlmp(.fzr>1))
and choose
(D € grid ¢)
so that
ANE€evsMD(rsum fép < A+7) .
Next let
(D' =E B € D(BA #0))
and so choose
(n € swath D)
that
ANB €D (.nBeA),
and infer
(ACVvDna
A+
>>.8eD(f.nBe.pb)
=Y. BeD(.f.nBe.ob)
> BeD .pB
>.0A)
Recall now the arbitrary nature of 7.

It is now easy to check

Theorem
7.95 (p € gauge A f € gauge A =mrp A [.frpde =0—FEz erlme(. fz > 0) € zrf)
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Seminar Integration: Word Index

This index is to the symbols made up primarily as letter combinations. They are listed alphabetically
with a reference to their first location in the Seminar Integration notes. “BN” references are to Background
Notation.

Word Location
a BN.24
ad 1.59.3
Ad 1.67.1
additive” 7.65.0
addor 7.65.1
addor” 7.65.2
alm 7.3.0
almostall 7.3.1
along 1.23.0
and BN.O
as 1.23.0, BN.13
at BN.32
big 1.53.6, BN.63
bounded BN.76
by 7.3.1
Cauchy BN.92
cbl BN.54
closed BN.79
clsr BN.74
Complete BN.94
complexplane 1.1.9
complextension 1.14
Continuous BN.95
cp 1.1.8
Cr 1.92
cvg BN.93
diam BN.75
dinfin 1.1.19
directedinfinities 1.1.20
direction 1.17.1
disc 1.22.0
disc’ 1.22.1
dist BN.77
dmn BN.36
dmn+ 7.66.0
domain BN.36
dor — 7.65.4
dor’ 7.65.8
dor+ 7.65.3
dor+t 7.65.5
dor” 7.65.9
each BN.3
empty BN.18
eq 1.58.0
far 1.17.3
fnt BN.53
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For BN.3

function BN.39
gauge 7.2

grator 7.18.2

grid 7.19.1
gridor 7.31
horizontal BN.33

hs BN.33
ignore 7.1.1

index BN.81
indexrun 1.54, BN.89
inf BN.62

infin 1.1.3
integers 1.7.1
intersection BN.13
interval 7.88.0

intr BN.73

inv BN.38
inverse BN.38

is 1.17.0, BN.24
kf 1.1.2

large 1.53.2

lim 1.23.8

lim 1.56.2

lim 1.56.3

Lim 1.23.9

limit BN.64

lin 1.53.0, BN.64
lin 1.56.4

lin 1.56.5

Lin 1.53.1

Im 1.23.4, BN.88
Im 1.56.0

lm 1.56.1

Lm 1.23.5

Imrn 1.23.6

Lmrn 1.23.7
metric BN.70
metrizes BN.68
mode 7.20

mr 7.65.6
natural 1.1.1, BN.51
Nb 1.21.0, BN.87
Nb/ 1.21.1

ndx BN.81
neared 7.8.0

ng 1.65.1

Not BN.2

noz 1.9

nt 1.135

ntf 7.88.1
numbers 1.1.1, BN.51
of 1.1.1, BN.13
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On
Onto
open
ordered
or

oscl
osum
over
paddor
pair
partion
point
points
prt’
pI‘t”

ps

pwr’
range
rct
relation
respect
rf

rf

rip

ril

rilp

rl

mg

rp
rsum
run
runs
sbqnc
scheme
schememode
section
selector
sequential
set
singleton
slides
sm
small
sng
sng’
some
space
spl
sqne
sqr

ST
standard
step

BN.42
BN.44

BN.78

BN.30

BN.1

7.28.0

7.28.1

BN.13

7.66.1

BN.30

7.18.1

BN.24

BN.15

1.14.0

1.14.1

1.65.0

1.58.1

BN.37

BN.66

BN.31

BN.64

1.1.11, BN.58
BN.71

1.1.13, BN.59
1.66.0

1.66.1

1.1.10, BN.57
BN.37

1.1.12

7.0.0

1.17.2, BN.86
1.23.0, BN.13
BN.82

7.19.0

7.21

BN.32

7.18.0

BN.64

1.1.1, BN.15
BN.28

1.23.1

1.59.1

1.53.3

BN.26

7.18.3

BN.4

BN.69

1.1.21

BN.55

BN.67

BN.72

BN.71

7.54
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strc BN.83

such BN.15
summ 1.59.0
summ 1.59.2
summationplane 1.1.22
sumrun 1.67.0
sup BN.60
Sup BN.75
swath 7.27.0
sweep 7.1.0
swing 7.27.1
tends 1.23.0
that BN.15
The 1.1.1, BN.13
to 1.23.0, BN.64
To BN.43
topaddor 7.66.2
transitive 1.17.0
U BN.18
union BN.14
univalent BN.40
universe BN.18
Uonto BN.46
Upon BN.41
Uto BN.45
var 7.65.7
vertical BN.32
vrn 7.30
vs BN.32
with BN.64
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Seminar Integration: Symbol Index

This index is to the non-word symbols. They are listed in the order of their first appearance in the
Seminar Integration notes. “BN” references are to Background Notation.

Symbol Location Meaning

( BN.0, 1.0.0 left parenthesis

A BN.O, 1.1.0 and

~ BN.O if and only if

) BN.0, 1.0.0 right parenthesis

% BN.1 or

~ BN.2 not / complement

A BN.3, 1.1.0 for each / indexed intersection
, BN.3 comma / ordered pair

\ BN.4 for some / indexed union
€ BN.5, 1.1.0 belongs to, is a member of
— BN.5 implies

> BN.7 holds, has as a member
“ BN.8 set difference, set minus
C BN.9 is a subset of

C- BN.10 is a proper subset of

#* BN.10 not equal

N BN.11 intersect (binary)

= BN.11, 1.1.3 equals, is equal to

E BN.15, 1.1.0 classifier, set of

{ BN.15 left brace

: BN.15, 1.18 colon, used in 1.18 for composition of relations (R : S)
} BN.15 right brace

\va BN.16 union of

T BN.17, 1.1.0 intersection of

0 BN.19, 1.0.0 false / empty set, zero

% BN.34 image; yRA

* BN.35 inverse image; *RB

. BN.47 function value; . fx

A BN.48 function builder (“lonzo”)
w BN.51, 1.1.0 omega; set of natural numbers beginning with 0
1 BN.52, 1.0.0 one

2 BN.52, 1.0.1 two

3 BN.52, 1.0.2 three

+ BN.52, 1 1st sentence plus (addition)

U BN.52 union (binary)

| BN.56, 1.14.2 absolute value bar; |z|

00 BN.56, 1.1.18 infinity

— BN.57, 1 1st sentence negative

< BN.57, 1.1.15 less than or equal to

< BN.58, 1.1.14 less than

> BN.60, 1.67.2 sum

vV BN.61, 1.12 square root

. BN.61, 1 1st sentence times

/ BN.65, 1 1st sentence divided by

- BN.71 minus (subtraction)

2 BN.80 1/2 to an integral power

149



)
LIV
T

D7 AT == 3Ry e { J, EIVVR©®TD o2 |
)]
=

7Vmeet

BN.50
BN.8&7
1.1st sentence
1.1st sentence
1.0.0
1.0.0
1.0.3
1.04
1.0.5
1.0.6
1.0.7
1.0.8
1.1.7
1.1.16
1.1.17
1.7.0
1.23.2runs along
1.23.3
1.87
1.136
7.0.1
7.0.1
7.0.1
7.0.2
7.0.3
7.8.2
7.8.3
7.8.4
7.18.4
7.65A
7.91.0

raise to an integral power; ‘zn
greater than or equal to
supremum of a set

imaginary unit, square root of Negl
definor symbol

successor

four

five

six

seven

eight

nine

complex infinity

greater than

greater than or equal to

omega prime; the set of integers

slides to

heavy times or big dot

symmetric sum

integral

pound sign, used in preliminary integral
right brace, used in preliminary integral
upper integral

lower integral

right bracket, used in preliminary integral
integral constant, bound variable indicator
such that

common refinement

sigma-meet

dil, integral constant, bound variable indicator
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